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Dedicated to my parents, with love and gratitude.



La Nature est un temple ou de vivants piliers
Laissent parfois sortir de confuses paroles;
L’homme y passe a travers des foréts de symboles
Qui l’observent avec des regards familiers.

Charles Baudelaire, Correspondances [Bau99]
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This dissertation investigates a class of operators resulting from a quantization scheme
attributed to Berezin. These so-called Berezin-Toeplitz operators are defined on a Hilbert
space of square-integrable holomorphic sections in a line bundle over the classical phase
space.

A first concern is the construction of self-adjoint Berezin-Toeplitz operators associ-
ated with semibounded quadratic forms. These forms are obtained from the inner product
of the Hilbert space by multiplying the underlying measure with sufficiently regular real-
valued functions. The semigroups generated by the associated self-adjoint Berezin-Toeplitz
operators may under certain conditions be represented in the form of Wiener-regularized
path integrals, according to a concept by Daubechies and Klauder. More explicitly, the
integration is taken over Brownian-motion paths in phase space in the ultra-diffusive limit.
Finally, the probabilistic representation and an invariance property of Brownian motion
are combined to yield a relation between resolvents of different Berezin-Toeplitz operators.

All results are the consequence of a relation between Berezin-Toeplitz operators and
Schrédinger operators defined via certain quadratic forms. The probabilistic representation

is derived in conjunction with a version of the Feynman-Kac formula.
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CHAPTER 1
INTRODUCTION

1.1 Historical Notes on Path-Integral Quantization

The development of quantum theory in the 20*" century had to bridge a gap between
small and large scale physics. On one end was the empirically driven demand for models ex-
plaining processes on an atomic or even subatomic level, on the other was the requirement
to be consistent with classical physics. After all, a fundamental theory should explain our
immediate impression of the world around us and therefore it should allow for an effective
classical description above a certain scale. Such a requirement is called a correspondence
principle, and the art of constructing quantum models with a prescribed asymptotic be-
havior is henceforth referred to as quantization. Apart from being conceptually desirable,
a correspondence principle addresses the practical need to successively calculate more and
more corrections to the classical predictions as the relevant scale approaches the quantum
regime. For this purpose, it is an important part of a quantization procedure to state
precisely in which sense the prescribed asymptotics are satisfied.

Traditionally, quantization schemes promote classical observables to self-adjoint op-
erators on a Hilbert space and interpret the one-dimensional subspaces as possible states
of the quantum system. This determines the kinematical framework. The quantization
of dynamics is then accomplished via the one-parameter unitary group generated by the
self-adjoint operator that serves as a quantum analogue of the classical Hamiltonian. The
combination of Schrédinger’s and Heisenberg’s approaches has in the course of time been
molded into the concept of canonical quantization with its characteristic features: The
underlying Hilbert space consists of square-integrable functions on the classical configu-
ration space, and is interpreted as the spectral representation of the self-adjoint position
operator. The dynamics are derived from a partial differential equation commonly known

as Schrodinger’s equation.



In 1948, Feynman [Fey48] proposed an alternative way to solve Schrédinger’s equa-
tion, which did not require the explicit appearance of operators, but instead involved
the concept of path integration. Unfortunately, despite its usefulness in physics and
other disciplines [FH65, Das79, Sch81, Wit89, Roe94, Kle95, CGTT99], the mathemati-
cal justification of the form originally suggested by Feynman is somewhat unsatisfactory.
It involves a time-slicing regularization that realizes the unitary time evolution accord-
ing to Schrodinger’s equation in an expression related to the Lie-Trotter formula, see
[Tob56, Nel64a, Che68, RS80]. However, this expression does not permit an interpre-
tation as a bona fide integral over continuous paths in configuration space. It was Kac
[Kac49] who established this goal in a seemingly insignificant but far-reaching modifica-
tion of Feynman’s formula. Instead of the unitary group, he represented the self-adjoint
semigroup generated by a Schrédinger operator in terms of a well-defined integral with
respect to a probability measure that had already been introduced by Wiener [Wie23] in
the study of Brownian motion. Today, Feynman’s approach and its modification by Kac
are an integral part of the canonical description of quantum systems.

Despite the experimental verification of many models, it was puzzling that canonical
quantization relied on a particular choice of coordinates for its realization [Dir56, foot-
note on page 114]. This situation called for a coordinate-independent reformulation of
quantization prescriptions. A systematic program was proposed in the theory of geometric
quantization founded by Souriau [Sou66] and Kostant [Kos70]. Following their approach,
a coordinate-independent path-integral representation of quantum dynamics in the spirit
of Feynman’s original time-slicing procedure was developed by Blattner, Guillemin, and
Sternberg [Bla75, GS77], see also [Snig0].

Yet another method to construct quantum models was introduced by Berezin [Ber72,
Ber74]. He realized these models with the help of certain continuous representations in
the sense of Klauder [Kla63a, Kla63b, Kla64, MK64, KM65, KMC65], more specifically
by using spaces of holomorphic functions on phase-space manifolds with a Kéhler struc-
ture. Rawnsley and others [CGR90, CGR93, CGR94, BMS94, CGR95] subsequently cast
Berezin’s construction in a manifestly coordinate-independent form by borrowing ideas

from geometric quantization. In this form the underlying Hilbert space consists of square-



integrable, holomorphic sections in a holomorphic line bundle. A Berezin-Toeplitz operator
Ty on such a Hilbert space is characterized by its associated sesquilinear form, which is
obtained by multiplying the measure in the inner product of the Hilbert space with a suf-
ficiently regular real-valued function f. The quantization context arises from interpreting
this function as a classical observable that is in some sense in correspondence with 1.
Indeed, one may prove that the precise notion of a correspondence principle applies in the
case of homogeneous or compact Kéhler manifolds, see [Ber74, Per86] or [BMS94, Sch98].
Reformulating ideas of Berezin [Ber72] in Rawnsley’s fashion, one arrives at a coordinate-

independent path integral similar to the construction of Blattner, Kostant, and Sternberg.

1.2 Scope of This Work

The main objective of this dissertation is to generalize an approach to path-integral
quantization proposed by Daubechies and Klauder [DK82, KD82, KD84, DK85, DK8&6]; see
also [DKP87]. Superficially, it is a phase-space version of Feynman’s path integral that has
been rendered mathematically well-defined by a Wiener-measure regularization. However,
a closer look shows that the construction by Daubechies and Klauder can be understood as a
path-integral formulation of Berezin-Toeplitz quantization on certain homogeneous Kéhler
manifolds. Indeed, a generalization to arbitrary Ké&hler manifolds has been advocated in
several publications [KO89, AKL93, Kla94, AK96] and carried out for the compact case
by Charles [Cha99]. The advocated generalization is a probabilistic expression for the
unitary group {e~%};cr generated by a Berezin-Toeplitz operator Ty. More precisely, a
Wiener-regularized path integral expresses the integral kernel of the time-evolution operator
e~ Tt as the ultra-diffusive limit of an expectation value over Brownian motion paths on
the classical phase space. It is both comforting and convenient that the expression for
{e7 "7} R is entirely geometric in nature and opens up a wealth of analytic tools from
the extensively studied background of Brownian motion.

In contrast to the setting considered by Charles [Cha99], we include the case of
unbounded Berezin-Toeplitz operators and non-compact manifolds in our results, subject
to certain technical conditions. In addition, we show that the Wiener regularization may

not only be realized with the Brownian motion governed by the original Kéhler metric, but



also by those obtained from a conformal rescaling, at the cost of adjusting the path measure
with a suitable Feynman-Kac functional. A minor difference with the original intent of
Daubechies and Klauder and its advocated generalizations [KO89, AKL93, Kla94, AK96]
is that instead of unitary groups, we focus on the probabilistic representation of semigroups

{e7"Ts}4>0 that are generated by self-adjoint, semibounded Berezin-Toeplitz operators.

1.3 Structure and Contents

This dissertation contains three major parts. In the beginning, we study conditions
for the self-adjointness and semiboundedness of Berezin-Toeplitz operators, which may
then serve as generators of strongly continuous self-adjoint semigroups. The middle part
establishes the stochastic formulation expressing these semigroups as Wiener-regularized
path integrals. We finish the text by applying the probabilistic technique of path transfor-
mations in this setting.

The chapters of this dissertation have the following contents:

In Chapter 2, we review some elements of differential geometry that are needed in the
coordinate-independent formulation of Berezin-Toeplitz quantization given in Chapter 3.

There, we show that a class of coherent states is essential to the understanding of this
quantization scheme. After defining Berezin-Toeplitz operators in terms of semibounded
quadratic forms, we give an abstract condition for their self-adjointness.

Chapter 4 establishes a relationship between Berezin-Toeplitz and Schrodinger oper-
ators, which makes standard techniques from the context of differential operators available
to formulate more concrete conditions ensuring the self-adjointness of a Berezin-Toeplitz
operator.

The main topic of Chapter 5 is the probabilistic representation of semigroups gen-
erated by self-adjoint, semibounded Berezin-Toeplitz operators. This result is called the
Daubechies-Klauder formula. It is derived from a version of the Feynman-Kac formula for
Schrédinger operators.

Chapter 6 explores a consequence of an invariance property of Brownian motion

in the probabilistic representation of the preceding chapter. A change of variables in an



expectation with respect to Brownian motion relates the expressions for the resolvents of
different Berezin-Toeplitz operators.
Finally, we summarize the results in Chapter 7 and conclude with an outlook on

further developments.



CHAPTER 2
BASIC DEFINITIONS AND CONCEPTS OF COMPLEX DIFFERENTIAL
GEOMETRY

This chapter reviews some basic definitions and conventions that can be found in
standard textbooks and monographs on differential geometry [KN63, LM89, Zha00]. The
content prepares the discussion in the following chapters, with the main intent of fixing the
differential geometric notation and terminology. Two passages at the end of this chapter
deserve most of the attention. Both concern the concept of a connection in a holomorphic
line bundle with a Hermitian structure. The first passage shows uniqueness of a connection
that meets certain compatibility requirements. The second one regards the construction of

a horizontal transport related to the connection.

2.1 Elements of Linear Algebra

The vector-space notation introduced here aims at one particular example: the tan-
gent space of a point in a complex manifold.

Let R and C denote the real and complex numbers, respectively. We will tacitly
identify (z1,20) € R? and z = 21 +i29 € C, with i := \/—1 denoting the imaginary unit.
The number Z := z; — iz9 is the complex conjugate of z, the real and imaginary parts of z

are sometimes written as Re z := (2 + z)/2 and Jmz := (2 — Z)/2i.

2.1.1. Definition. Let V be a finite-dimensional vector space over R with an inner prod-
uct (+,-). An almost complex structure that is compatible with the inner product is a linear
mapping J on V that squares to the negative identity, J? = —idy, and preserves the inner

product of all X, Y € V, (JX,JY) = (X,Y).

2.1.2. Remark. If a vector space V over R has d < oo dimensions and is equipped with
an inner product and a compatible almost complex structure J, then d is an even number

and by a variation of the Gram-Schmidt procedure, one can choose an orthonormal basis



of V in the form {E4, JE1, E2, JEs, ..., Eq/9, JEy/2}. This is a simple consequence of the
orthogonality relation X | JX for all X € V.

With the help of the almost complex structure, V can be turned into a vector space
over C by defining the scalar multiplication of X € V by ¢ € C according to the rule
cX =RecX +TImcJX. Thus, after choosing an orthonormal basis in the above manner,

the coordinate maps identify V with C%2.

2.1.3. Definition. On the complexified vector space V€ := V @ C, we extend the inner
product to be conjugate linear in its first entry. The mapping J ® idc, henceforth also
denoted by J, can be diagonalized in V€ and possesses eigenvalues +i and —i with equal
degeneracy. We call (L0 .= {X € Ve JX =iX } the holomorphic polarization of VE,

and the orthogonal complement V(0:1)

containing vectors corresponding to the eigenvalue
—i the antiholomorphic polarization. The image of a vector X € VC under the orthogonal
projection onto the holomorphic polarization VL0) is written as X9 and a similar

notation applies to the antiholomorphic case. Thus, X can be uniquely decomposed into

its components X = X010 4 x(0.1),

2.1.4. Remark. In terms of an orthonormal basis {E1, JE1, E2, JEs, . . ., Eq/2, JEd/Q} as
in the preceding remark, the holomorphic polarization V(1:0) is spanned by the orthonormal
set {Zy == %(Ek —iJEy), 1 <k <d/2} and V(O analogously by {Z} := %(Ek +iJEy),
1 <k < d/2}. In fact, this notation suggests the definition of a conjugation operation

X +— X on V€ which is the conjugate-linear mapping taking each Zj, to its counterpart Z.

2.1.5. Definition. A symplectic form on a real vector space V is a non-degenerate an-
tisymmetric bilinear form w : V x V — R. Non-degeneracy means in this context that if

X eVand w(X,Y)=0forall Y € V, then X = 0.

Remark. With an inner product (-,-) and a compatible almost complex structure J, we
can always associate a J-invariant symplectic form having the value w(X,Y) := (X, JY) =

(JX,J?Y) = —w(X,Y) for X,Y €V,



2.2 From Differentiable Manifolds to Holomorphic Line Bundles

Whenever referring to R and C as topological spaces, the usual definition of open
sets is implied. In this chapter, all functions are tacitly assumed to be measurable, each
one in its appropriate sense. The characteristic function y4 of a set A has the value
one whenever the argument is contained in A and vanishes otherwise. A complex-valued
function f defined on d-dimensional Euclidean space R? is said to be smooth, abbreviated
by f € C®°(R?), if it is arbitrarily often differentiable. If f is smooth and real-valued, we
write f € C%(Rd). Without any exception, repeated indices are never summed over

automatically.

2.2.1. Definition. A topological manifold is a Hausdorff space that has a countable topo-
logical basis and is locally homeomorphic to R¢. A coordinate chart on a topological
manifold M is a pair (U, ¢) consisting of an open set U C M and a homeomorphism

¢:U —V cR% An atlas is a family of charts {(Uj, ¢j)}jer covering M, Ujel Uj = M.

2.2.2. Definition. A differentiable manifold is a topological manifold equipped with a
C*-structure. This structure is specified by an atlas A = {(Uj, ¢;)}jer containing charts
9;:U; = V; C R?, d € N, that are C*°-compatible in the sense that for each pair j,k € I,
the composition ¢; o gb,;l is either defined on the empty set or a diffeomorphism. The

common exponent d is called the dimension of the manifold M.

2.2.3. Convention. Without loss of generality, we will always assume that the index set 1
of an atlas is countable, and that for a given atlas, each point is contained in the domains of
only finitely many charts, which are all contractible sets. Moreover, we exclusively consider

pathwise connected manifolds.

2.2.4. Definition. Let M be a differentiable manifold with an atlas {(Uj, ¢;)}jer. A
function f : M — C is called smooth if for each j € I, the composition f o ‘Z’j_l is
arbitrarily often differentiable on the image ¢;(U;).

Given an additional differentiable manifold M’ and a mapping ® : M’ — M, then
® is said to be smooth if this applies to the composition f o ® for every smooth function f

on M.



2.2.5. Definition. Let 7 : V — M be a smooth, surjective mapping between differen-
tiable manifolds V and M. We say (V, ) is a vector bundle over M with the real vector

space F as a typical fiber if the following conditions are satisfied:

e The set V, := 7~ 1({z}) is called the fiber associated with the base point x* € M.
Every fiber has a vector space structure isomorphic to F, symbolically 7~ ({z}) 2 F

for all z € M.

e Every point x in the base manifold M is contained in an open set U carrying a local
trivialization ¢ : #~1(U) — V x F. This means, ¢ is a diffeomorphism, V is an open
set in R?, and for all y € U, the restriction §]ﬂ_1({y}) assumes a constant value in the
first component of V' x F and maps linearly onto the second. As usual, the exponent

d is fixed and denotes the dimension of the manifold M.

Unless there is danger of confusion, the symbol V refers henceforth not only to the so-called

total space as a manifold, but to the vector bundle (V, ) as a whole.

Remark. Since we view 7 in a local trivialization ¢ : 7=1(U) — V x [ as the projection on
the first component V, a local trivialization is, in short, a special chart of V that respects

the fiber structure.

2.2.6. Definition. A section ¥ in a vector bundle V is a mapping that assigns to each
x € M a vector in the associated fiber 771({z}), so the composition 7 o ¥ is the identity
map idayg on M. We denote the linear space of all such sections by I'y(M) and that of
smooth sections by C77(M). The space of compactly supported smooth sections is written

as O (M).

The typical example of a vector bundle is the tangent bundle of a differentiable

manifold.

2.2.7. Definition. Let M be a differentiable manifold. A tangent vector X in the tangent
space T, M of a point € M is a first-order differential operator X : C§°(M) — R without
zero-order terms. Equivalently, it satisfies (X f2)(z) = 2f(x)(X f)(x) for all real-valued,
smooth functions f on M. If the manifold M has the dimension d € N, then T, M is a

vector space isomorphic to RY.
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The tangent bundle T'M over the manifold M is the vector bundle with fibers

T, M. The space of smooth sections in 7'M is for convenience abbreviated as Tr(M) :=

TMm(M).

2.2.8. Definition. An [-form w on a differentiable manifold M is given by a smooth
family {w;}zem of linear maps w, : (T,M)® — R defined on the I-th tensor power of
T, M, which are antisymmetric with respect to permutation of the factor spaces. The non-
negative integer [ is called the degree of w. If [ = 0 then w is by convention a real-valued

function.

2.2.9. Definition. The exterior product A maps a pair of a [;-form w; and a ls-form
wy to the (I; + lg)-form w; A wy = (—1)"2wy A w;. The only property used in this work
is the expression a; A ag A -+ A (X1, X2... X)) = det({a;, Xy)) involving the exterior
product of | € N one-forms «y,...q; applied to [ tangent vectors X, Xs,... X, given by

the determinant of canonical pairings (o, Xj) = a;(Xy), with j, k € {1,...1}.

2.2.10. Definition. The exterior derivative d on a differentiable manifold is a linear map-
ping from [ to ({+1)-forms satisfying the following axioms, valid for all /;-forms w1, lo-forms

wa, functions f € Cx°(M), and tangent vectors X:
. df(X) = X(f).
o d(wi Awy) = (dwi) Awa + (=1)wy A dws,
e d(dw1)=0.

At this point, we turn our attention to complex geometry. The manifolds and vector

bundles we have considered so far will now be endowed with complex structures.

2.2.11. Convention. The complexified tangent bundle of the manifold M is denoted by
TCM. Tt is the vector bundle T®M — M with fibers TS M = R?? at each 2 € M. The
smooth sections in T©M are denoted by T(M) := C5% (M).

From now on, differential forms are allowed to assume complex values. When they

are applied to vectors in the complexified tangent space, they are by default complex linear



11

in each argument. Similarly, the exterior product and derivative are henceforth defined for

complex-valued forms.

2.2.12. Definition. A complex analytic atlas {(Uj, ¢;)};er is a family of charts ¢; : U; —
V;cCr= R?" n € N, which are biholomorphically related, so all compositions ¢jo qb,;l
are holomorphic on their respective domains.

Every choice of a complex analytic atlas fixes a so-called complex structure, the
maximal family of compatible charts, that is, those biholomorphically related to the charts
in the given atlas. A complex manifold is a differentiable manifold that is equipped with

such a complex structure.

Remark. Sometimes we need to refer to M as a real manifold. In this case, the convention
d = 2n is always in force, where n denotes the complex dimension of M and d that of the

underlying real manifold.

2.2.13. Examples. All of the following manifolds have the complex dimension n € N.

1. Domains of C™. Let M be a domain of C", in other words, a connected open subset
of C™. In this case, the identity map may serve as a global chart. The open unit ball

B(0,1) ={z e C": >}, [z®|} is an example for such a manifold.

2. Complex projective space. Consider the quotient space CP™ obtained from C"*1\ {0}
by identifying two nonzero vectors w and w’ whenever they are collinear, w = cw’ for
some ¢ € C\{0}. The equivalence class of w will be written as [w]. The chart domains
Uj, 7 €{1,...,n+ 1} may be chosen as the sets U; := {[w] : w"?) # 0}, and the cor-
responding charts are defined as ¢; : U; — C", [w] — (%, %, e % . %),

where the j-th component gets dropped. It is left to the reader to verify that the

mappings ¢; o gb;l are holomorphic on ¢;(U; N U;) for j,l € {1,...n+ 1}.

3. Complex tori. Given a lattice G := {3.3" Ipex : | € Z*"} with spacings ¢, € C",
k € {1,...2n}, that are linearly independent over R, we consider the quotient C"/G.
The underlying identification is understood as the equivalence relation z ~ 2’ between

z and 2’ in C" whenever z = 2/ + Zzzl I€x for some choice of [ € Z?". The resulting
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compact manifold is called a complex n-torus. A family of identity maps restricted
to sets with diameter less than min;<g<o,{|€x|} covering C™ may serve as a complex

analytic atlas, because all these maps are invertible.

2.2.14. Definition. A function f: M — C is called holomorphic with respect to a given
complex structure if for every compatible chart (U, ¢), the composition fo¢=!: ¢(U) — C
is holomorphic in the usual sense.

Let ® be a mapping from another complex manifold M’ to M. We call ® holomorphic
whenever this notion applies to the composition ¢; o ® with every chart ¢; : U; — V; C C"

of the complex analytic atlas on M.

2.2.15. Definition. A complex vector bundle V over a differentiable manifold M is a
vector bundle with the complex vector space F = C*, k € N, as the typical fiber. In
addition to the conditions in Definition 2.2.4, the restriction of a local trivialization ¢ :
7 HU) — V x C*F C R? x C* to the fiber V, associated with = € U is required to map
complex linearly onto the second component of V' x C¥. In the case k = 1, we refer to V

as a complex line bundle.

In the forthcoming discussion, complex line bundles will gain particular importance.
To keep track of the structure of a complex line bundle in calculations, we will use the
concepts of transition functions and local reference sections. These concepts can of course
be applied to arbitrary vector bundles, but for our purposes we do not need them in such

generality.

2.2.16. Definition. Given an atlas of local trivializations {¢;} jer of a complex line bundle
L with an underlying cover {U; }j¢s of the base manifold M, there is a corresponding set of
transition functions {c;; : U; N Uy — C}; rer characterized by the property &; = cjp o7 &

whenever U; N Uy, # 0.

2.2.17. Remarks. Via an atlas of local trivializations, a complex line bundle can be
identified with a set of product manifolds U; x C that are glued together in a certain way.

The sets U; are patched up to form the base manifold M = |J..; U; and the transition

jel

functions govern the twists in the fibers.
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Sections in line bundles £ may be visualized as functions on the base manifold M with
the concept of local reference sections. The local reference sections s; : U; — L adapted
to an atlas of local trivializations {{;};jer are characterized by the property & 0s; : U; —
V; x {1} for all j € I. Each s; is zero-free in its respective domain, and thus every section
1 can locally be written as a product |y, = 1;s; (without summation), where ¢; is a
complex-valued function on U; acting on the fibers by scalar multiplication. The equation
s = cjgs; on nonempty intersections U; N Uy explains the relation between reference

sections and transition functions.

2.2.18. Definition. A holomorphic line bundle is a complex line bundle with additional
complex structures on £ and M such that 7 is a holomorphic mapping. In this case, the
transition functions are holomorphic.

A section 1 in a holomorphic line bundle £ over M is holomorphic if for any local
trivialization £, the composition & o ¢ is holomorphic wherever defined. We will call the
linear space of such sections I'%/(M). If ¢ is a holomorphic section in a holomorphic line
bundle with an atlas of local trivializations {; and reference sections s; as in the previous

remark, then of course all v; : U; — C are holomorphic.

If a real 2n-dimensional manifold is equipped with a complex structure, the tangent
bundle T'"M can be identified with a holomorphic vector bundle having the typical fiber C".
The essential ingredient in this identification is the canonical almost complex structure J

on T’ M induced by the complex analytic atlas.

2.2.19. Definition. Every chart ¢ : U — V C C" of a complex analytic atlas A gives
rise to holomorphic coordinate functions z(, 22 ... 2(® via the identification ¢ = (z(l),
FAC z(”)). The canonical almost complex structure J induced by the atlas acts by JOj =
i), and JOy = —i0y, where 9), = %(8/82’%@ - i@/@zék)), O = %(8/82@ + i@/azék)), with
z%k) and zék) denoting the real and imaginary parts of the component 2K ke {1,...n}.
Using the chain rule, one may verify that J is independent of the chosen chart because it
is preserved under biholomorphic mappings.

Thus, the complexified tangent space at a point x € M is split into a direct sum

Tf/\/l = ngl’o)/\/l @ ngo’l)/\/l. The almost complex structure J acts on each vector X €
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TEM by JX = iX10) — i X O If a vector field X has exclusively values in T M, it
is called holomorphic, in the analogous case of values in T M it is antiholomorphic.

In a similar vein, we say forms are of type (k, 1), if they depend on k holomorphic and
[ antiholomorphic vector fields, with fixed non-negative integers k& and ! throughout M.
The exterior derivative of a form w of type (k,[) is a sum of a (k+1,[) and a (k,!+1)-form,

denoted by 0w and Ow, respectively.

2.2.20. Definition. A Hermitian metric k on a complex vector bundle V = M is a family
{hz}zem of positive definite sesquilinear forms h, on the fibers V,. By convention, each
he @ Ve XV, — C is conjugate linear in the first entry. A complex vector bundle equipped

with such a Hermitian metric will be referred to as a Hermitian vector bundle.

2.2.21. Examples. In the following examples, each base manifold M carries two Hermi-
tian holomorphic vector bundles: one is the holomorphic tangent space TM and the other
is a holomorphic line bundle £ over M. We denote the associated Hermitian metrics by

hTM and h, respectively.

1. (a) Euclidean space. Let M = C" and £ = M x C. The Hermitian metric on T M is
given by hTM =1 LS, (dz k) @ dz(k) + dz(*) ®dz(k)). The Hermitian metric on
the fibers of £ is defined over a base point z € C" by h,((z,u), (z,v)) = el mw

with u,v € C denoting the fiber component and |z\2 =3 z(k) (k)

(b) Bergman space. Let M = B(0,1), the unit ball in C", and again choose a

product bundle £ = M xC. We define A7M = 1 Zkl " (- ‘le)é"”r;(k) 0 (dzW &

dz\V) 4 dz*) ®dz(l)), and h,((z,u), (z,v)) = (1—|z[*)"wv, with some fixed r > 0.

2. Complex projective space. Let £ = C"*1\ {0} and M = CP" as described in the
previous Examples 2.2.13. After filling in the missing zero in each fiber, we obtain
the so-called tautological line bundle £. Let U; := {[w] : w € C**1 w® +#£ 0}

as before and write ¢ ([w]) =: (2,2, ... 2("). The local expression hM =

2 Zkl 1 (Lt |1)fle‘ )Z(k) 0 (dz(k) ® dz® + dz®) ® dz(l)) defines the so-called Fubini-

Study metric on U; C CP". It is left to the reader to verify that this definition is

consistent when U is replaced by any Uj, j € {2,...n+ 1}. The Hermitian metric



15

h is obtained from the inner product on C"*!. In terms of the local coordinate z,
ha(w,w') = (1+ [2[*)@1 - wi, where ¢ ([w]) = ¢1([w']) = 2.

One may verify that this bundle does not admit any global holomorphic sections,

whereas its dual does. For more details, see [Wel80].

3. The Riemann sphere. Consider the manifold M = CP! equipped with a tensor power
of the dual bundle corresponding to the preceding example. To give a more explicit
description, we identify M with the compactified complex plane M = CU {oco} that
is equipped with two charts: ¢1 is the identity on U; := C and ¢9 is the inverse
function z — 1/z defined on Uy := {z # 0} U {00} with the convention 1/0c0 = 0.
The holomorphic bundle £ is specified by the relation between the reference sections
s1(z) = 2"s2(2), with » € N. The Hermitian metric is chosen in accordance with the
preceding example, so ATM = 1(1 + 121?)"2(dz ® dz 4+ dz ® dz) on U;. The fiber
metric h is in the local trivialization corresponding to s given as h,((z,u), (z,v)) =
(1+ |z[*)""@w, where the negative integer —r in the exponent shows that this bundle
can be thought of as the r-th tensor power of the dual to the tautological line bundle

for n =1.

All of these examples share one property that will become important later: The imaginary
part of the Hermitian metric on the complexified tangent space of each M is a closed two-

form. Thus, the base manifolds are Kéhler.

2.2.22. Definition. A connection V on a complex line bundle £ is a mapping X — Vx
such that for each smooth vector field X € T(M), Vx is an endomorphism on the space of
smooth sections C'Z°(M) satisfying the following conditions for all smooth sections v, o €

CF (M), functions f € C*°(M), and vector fields X, Y € T(M):
* Vx(¥+0)=Vxt¢+Vxo,
o Vixyy = fVx +Vy,

o Vx(fY) = X(f)Y+ fVxi.
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A connection is compatible with a Hermitian metric h on a complex line bundle £ if

X h(y,0) =h(Vx,0) + h(y), Vxo) (2.1)

for every X € T(M) and 9,0 € CF(M).

2.2.23. Definition. The group of nonzero complex numbers C* := C\ {0} acts by scalar
multiplication on each fiber of £. To make this action transitive, we remove the image of

M under the zero-section o from £ and write £L* := L\ o(M).

2.2.24. Definition. The connection one-form « on L£* belonging to a connection V is

characterized by the following properties:

e The pull-back formula

Vxtp = —i(¥ a)(X)y (2.2)
holds for all ¥ € CF (M) and X € T(M).
e The remaining component of « is determined by the equation

X ()
)

O((XJ_) =1 (2.3)

for any vertical vector X |, meaning 7, X, = 0, and any function ¥ that is complex
linear in each fiber £, and non-vanishing on £*.
The combination of both properties shows that « is invariant under the fiber-preserving

group action of all nonzero complex numbers ¢ € C* on the bundle, (cidz)*a = a.

2.2.25. Remark. Given an atlas of local trivializations §; with underlying contractible
open sets U; covering M and local reference sections sj, we can define one-forms «; on

each U; by «; := sja. With Ylu; = 1js; we then have the local expression

Vx = Vx(¥;s;) = (X () —ia; (X)) s; (2.4)
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on each set Uj.

2.2.26. Proposition. Given a holomorphic line bundle £ with a smooth, nowhere degen-
erate Hermitian metric h, there is a unique connection V compatible with A that renders
every local, holomorphic section 9 = 1);s; € I‘Z"Z(Uj), j € I, covariantly constant with re-
spect to any local antiholomorphic vector field X € T(OD(U;), Vx4 = 0. The smoothness

of h is understood in the sense of the function A : £ — R, u — Pr(u)(u, u) being smooth.

Proof. 1t is straightforward to check that the expression
Q= i—= (2.5)

has all the properties required of a connection one-form, and therefore defines a connection
V. In addition, inserting the definition (2.5) in equation (2.2) shows that V is compatible
with the holomorphic and Hermitian structures.

The uniqueness of this connection is guaranteed by the following argument. Suppose
« is any connection one-form with the desired compatibility properties. Considering that
the vertical component of « is specified by equation (2.3), it is enough to show that the
local expression «; is uniquely determined.

By compatibility with the complex structure, o;; must vanish on YO (U ;). In addi-

tion, since any X € Tr(U;) appearing in the differential equation
X h(sj, s5) = —ih(sj, sj)(a;(X) — @;(X)) (2.6)

can be uniquely decomposed into holomorphic and antiholomorphic parts, the identity

Oh(s;j,s;
a; = ZM (2.7)
h(Sj, .S’j)
follows from considering each part separately in equation (2.6). O

Consequence. In a local trivialization of a holomorphic line bundle, the covariant derivative

of a section 9|y, = s;1; with respect to an antiholomorphic vector field X € T(O’l)(Uj)
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appears as

Vi (jsi) = X(¢j)s;,
because the term a;(X) = 0 does not contribute.

2.2.27. Definition. Given a connection V on a complex line bundle £, the horizontal
transport HW of a vector ¥ € L¢(g) along a smooth curve ¢ : [0,t] — M is the curve H:¥

in L satisfying the following conditions:
e HVU(0) =V, moH ¥ = (.

e H:V is covariantly constant along (. To be more specific, for all ¢ty € (0,¢) and
all smooth sections 1) that satisfy ¢ o ( = H¢V in some open interval around t,

we have Vg(to)w(C(tO)) = 0. Hereby, ((t9) is the velocity vector defined at ((to) by
(:fr Lfofor feC®(M).

From now on, we use the abbreviations H¢ ;¥ := H:V¥(t) and, if the choice of ( is clear

from the context, U= Hv.

Consequence. If L is a holomorphic line bundle with a smooth Hermitian metric h and V
is the unique connection constructed in Proposition 2.2.26, then the compatibility require-
ment (2.1) implies that the horizontal transport of ¥ € L) along ¢ preserves the inner

product, hg(t)(\/I\J(t), (1)) = heoy (W, W).

2.2.28. Lemma. Let £ be a complex line bundle with a connection V. When ( : [0,¢] —
U; stays in the domain U; of a chart, the horizontal transport of ¥ = \/I}(O) € Lo is

locally given by U= \le sj o ¢ in terms of the reference section s; and the values

~

Wj(t) = €'l 05(0), (2.8)

derived from the local representation «; of the connection one-form.

Proof. Given ty € (0,t) and a section 1) = v;s; that is defined near a piece of the curve

around ((tp), the equation V CQ,Z)(C (t)) = 0 is locally expressed as the differential equation
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N . . i @
%%(C(t)) =10 (((t));(¢(t)) with the solution ¢;({(r)) =e <litgr) "10;(¢(to)) for r suffi-
ciently close to tg. Thus, \Tfj = 1pj0( locally lifts the curve ¢, and U= 1 o( is the horizontal
transport specified by (2.8) in a neighborhood of ty. The general statement follows from

repeating this procedure for a dense set of ¢y € (0,¢) and appropriate sections 1. O

2.2.29. Proposition. Consider a smooth section ¢ € C¥°(M) in a complex line bundle
L with a connection V. For any smooth curve ( : [0,t] — M, the horizontal transport and

the connection are related by the integral equation

HZM(C(1) = / HZIV . 6(C(r)) dr (2.9)

where the reverse horizontal transport H c. 1} is understood as the map H c 7} s Loy — Le(o)

satisfying Hc_q} o He W =W for all U € Ly and r € [0,1].

Proof. The equation

Vb6 = lim—— (Hg! | w(¢() = vic(r) (2.10)

sS\r§—r1rT

can be verified for any r € (0,t) in the local formulation of the preceding lemma. Using
the pre-limit expression in (2.10) as in the construction of the Riemann integral, we obtain

(2.9) as an analogue of the Fundamental Theorem of Calculus. O

2.2.30. Definition. Let M be the base manifold of a bundle with total space £. The
horizontal lifting operator L in £ associated with the connection V is a family {L,}yer
of mappings Ly : Ty(,)M — T, L having the push-forward with the projection 7 as a left
inverse, m. Ly X = X (,), and mapping every vector field X € T(M) into the kernel of the

connection one-form, («, L, X) = 0.

2.2.31. Remarks. The operator L serves to convert vector fields X on M into horizontal
vector fields LX on £. On the other hand, L can be used to pull back one-forms 5 on £
by its adjoint, Ly 3(X) = B(LyX). If L is clear from the context, we will write )?y instead

of L,X and (,(X) instead of L »B(X). Moreover, if § is invariant under the group action
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of C* on the fibers, then By(X ) is independent of the choice of y € £, and the subscript
of 3 may be dropped.

The construction of L is simply obtained from the lifting of local integral curves of
X. To this end, we define for all functions f € C°(M),q € C*(L) and vector fields
Xf(r(y)) = Lfo((ty) the lifted vectors by L,X : ¢ — Zgo ((to) with the horizontal
transport é passing through y at time tg. From the local representation of the preceding

lemma it follows that «(L,X) = 0. The lifting operator L is unique because m,LX = X

determines LX up to a vertical component, which must vanish by a(L,X) = 0.



CHAPTER 3
BEREZIN-TOEPLITZ QUANTIZATION FROM A COHERENT-STATE
PERSPECTIVE

The focus of this chaper is the construction of operators according to a quantization
scheme in the spirit of Berezin [Ber72, Ber74]. In a geometric formulation of this scheme
[CGR90, CGR93, BMS94, CGR94, CGR95], Schrodinger’s concept of wavefunctions on
configuration space gets replaced by holomorphic sections in a holomorphic line bundle £
with a connection V over the classical phase space M. The correspondence between the
classical phase-space structure and the line bundle is implicit in the fundamental assump-
tion that the symplectic form on M can be reconstructed as a multiple of the curvature
associated with the connection. In analogy with Schrodinger’s interpretation of probability
amplitudes, the probability that a measurement will find a quantum system described by
such a section in a given subset of phase space emerges according to the following proce-
dure: First, the length of a section at any base point must be defined. Up to an overall
constant, this is determined by asking the horizontal transport determined by the con-
nection to be length-preserving. Integrating the square of this length against Liouville’s
volume form over the phase-space subset in question then gives the desired probability.

Hereby, the constant is chosen in order to normalize the resulting probability measure.

3.1 From Continuous Representations to Berezin-Toeplitz Quantization

Klauder’s concept of a continuous representation [Kla63a, Kla63b, Kla64, MK64,
KM65, KMC65] postulates the existence of a family of orthogonal projectors {II,},em
onto one-dimensional subspaces of a separable Hilbert space H, indexed by points in a
topological manifold such that x — I, is weakly continuous. If there is a measure m on M
such that the integral [ v Lzdm(z) = idy provides a weakly convergent resolution of the
identity mapping ids, then we call each one-dimensional subspace e(x) := II,’/H a coherent

state. Thus, one can think of the manifold M as being embedded in the projective Hilbert

21
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space PH, the set of all one-dimensional subspaces of H. By definition, the image of the
embedding constitutes the family of coherent states. The identification of collinear vectors
in H to describe a (pure) quantum state induces additional structures on M. The details
are explained in the following exposition.

Since PH is the base manifold of a bundle P : H\ {0} — PH, where the projection P
maps any nonzero vector in H to the one-dimensional subspace it generates, the embedding
of M pulls back the fibers 771 ({z}) := P~!({e(z)}),z € M. To make M the base manifold
of a complex line bundle, the missing zero vector must be inserted in every fiber and thus a
so-called tautological bundle is created with total space £ and projection 7. If we suppose
that H is the closure of the linear hull Lin(£), then the linear functional J, : ¢ — (v,v)
restricted to ¢ € L provides a realization of v € H as a function on £ that is complex
linear in the fibers.

If M is a differentiable manifold and the mapping x +— II, is in some sense smooth,
then as subsets of H, the fibers in the total space £ inherit additional features. For
example, the scalar multiplication ¢ — cy of vectors ¢ € H provides a natural fiber-
preserving group action of nonzero complex numbers ¢ € C*. The scalar product (-,-)
serves simultaneously as a Hermitian metric on both the total space £ and the tangent
space T'L. By definition, these metrics are invariant under all endomorphisms mapping £
to L that are restrictions of unitary transformations on H, such as the scalar multiplication
of all vectors by a unimodular number ¢, |c| = 1.

The notion of horizontal transport passes from H to £, which takes a smooth curve
¢ : R — M together with a starting point CA(O) in 771(¢(0)) and produces the lifted curve
¢ in £ by moving in an infinitesimal time step d¢ from ((¢),t € R, to the orthogonal
projection of (t) onto the space e(C(t 4 dt)). In fact, this way the norm of a horizontally
transported vector in the fiber is left invariant while its base point moves along the curve
in M. In other words, the connection on the bundle corresponding to the transport is
compatible with the Hermitian structure.

Berezin-Toeplitz quantization realizes a class of continuous representations in a set-
ting that is familiar in algebraic geometry [GH78]: If £ is a holomorphic line bundle over a

Kéhler manifold, then the curvature of the line bundle is a closed two-form [Zha00]. This
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two-form is up to an imaginary factor assumed to be equal to the symplectic form on M.
The Hilbert space chosen by Berezin-Toeplitz quantization is the space of holomorphic sec-
tions that are square-integrable with respect to Liouville’s measure, the maximal exterior
power of the curvature form.

These requirements are needed to show a correspondence principle for compact M
[BMS94, Sch98]. Unfortunately, they also restrict the universality of Berezin-Toeplitz
quantization. Not all symplectic manifolds can be equipped with a compatible complex
structure, and even less may be obtained as the base manifold of a holomorphic line bundle
such that its curvature is a constant multiple of the original symplectic form [Sch98].

Because of the demonstrated invariance properties of the Hermitian metric on T'L,
the tangent bundle T'M inherits a Fubini-Study type metric [Arn89, Appendix 3]. It
is straightforward to check that the imaginary, skew-symmetric part of the Fubini-Study
metric is closed and therefore constitutes yet another way to derive a symplectic form
from the embedding, which makes M a Kéahler manifold. It turns out, however, that this
symplectic form may or may not coincide up to a constant factor with the curvature of the
line bundle [CGR93].

In order to provide a resolution of the identity idy according to [ m Hedm(z) =
idy, the measure m is chosen as a locally rescaled version of the Liouville form, see
[CGR93]. More generally, Berezin-Toeplitz quantization maps the classical observable
represented by a bounded real-valued function f : M — R to the self-adjoint operator
Ty == [\, f(x)lzdm(z). In both cases, the integral converges in the strong sense. The
quantization of dynamics is then realized with the unitary group {e~#7s},cp that results

from choosing f as the generator of classical time evolution.

3.2 Hilbert Spaces of Square-Integrable, Holomorphic Sections

3.2.1. Definition. Let us assume that the complex line bundle £ — M is equipped with
a Hermitian metric A. With the help of a measure y on M we can then define an inner

product

(4,) = /M W, &) dp (3.1)
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for sufficiently regular sections ¢ and ¢ in I'z(M), where h(1, @) is interpreted as the
function x — h,(¢Y(x), ¢(z)).

3.2.2. Remark. In the definition of the inner product, h and yp can be combined to a
Hermitian-metric valued measure, hereafter denoted by hu. Indeed, this is a more ap-
propriate way to view the definition, since the redundancy of rescaling h while changing
1 to compensate accordingly is manifest in the notation. We will revisit these rescaling

operations at the end of this chapter. For now, we simply consider h and u as fixed.

3.2.3. Definition. The linear space of square-integrable sections on a complex line bundle

L over a base manifold M is denoted by

L2(hp) := {¢ eTL(M): /M h(1, ) dp < oo} . (3.2)

When L is a holomorphic line bundle, we define the weighted Bergman space L,% o(hu) as

the space of all holomorphic sections in L?(hpu).

Remark. It may happen that L,le(hu) only contains the zero section. Therefore, results
about the dimensionality of this space are of a fundamental interest. For the case of

compact M, see [BMS94].

3.2.4. Theorem. Equipped with the previously defined inner product, the space L?(hpu)
containing all square-integrable sections becomes a Hilbert space. If £ is a holomorphic
line bundle and p, interpreted as a volume form, and h are everywhere non-degenerate and

smooth, then the weighted Bergman space L7 ,(hu) is a Hilbert-subspace of L*(hu).

Proof. To begin with, we choose an atlas of local trivializations {{;};e; and the corre-
sponding reference sections s;. Thus, we can identify each section 1) with a set of functions
{¥}jer satistying ¥y, = 1;s;.

With the help of standard arguments from measure theory we may now deduce
that L?(hp) is complete, which means the space of equivalence classes of square-integrable

sections that coincide up to sets of measure zero.
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To see this, we consider that, using the local reference sections, a Cauchy sequence
of sections p\V) e L?(hyut) gets mapped to a Cauchy sequence of functions 1/)](-” :U; — C
in L*(Uj, pj), with the measure given by u; = h(s;, s;)u. The non-degeneracy of u and h
ensure that each LQ(Uj, ft;) is complete, and the only thing left to verify is that, passing
to subsequences if necessary, the individual limits in LQ(UJ',,uj) give rise to an almost
everywhere well-defined global section that is square-integrable. Finally, we note that this
section is almost everywhere independent of the particular choice of local trivializations.

To prove that L%L o(Ppe) is a Hilbert space, it is enough to show that any given Cauchy
sequence converges pointwise to a holomorphic section, which is a holomorphic represen-
tative of the limit in the L?-sense.

To this end, we pick a local trivialization &; : 71 (U;) — V; x C and a local reference
section s; : U; — L. With the help of the product decomposition WUJ- = 5,1, the Cauchy

sequence {¢)(D}, cy is represented by a sequence of holomorphic functions @Z)J(l) :U; — C.

After introducing holomorphic coordinate functions z(), 22 ... 2(™ in Uj, the measure
p; can be decomposed into the components dju; = ,uj(z)d%z = (gf)%)”dz(l) A dzM A

<« ANdz™ A dz™ . Suppose we have chosen local trivializations &; with underlying charts
¢; + U;j — V; such that each V; is a ball of radius r; centered at the origin. Then
ij h(yp® pW)dp = fvj \wj(.l)\Quj(z)d%z. The non-degeneracy and smoothness of h and
p imply that for each Uj, there is a strictly positive lower bound 0 < ¢; < p;(2). By the

inequality
2 /V W Pd?z < (60, )
J

we deduce that {wj(-l) } len 18 a Cauchy sequence of holomorphic functions in the traditional
Bergman space L%wl(Vj, ejdznz). According to Appendix A, the sequence converges point-
wise to a holomorphic function. The limits obtained on each V; can then be recombined
with the help of the reference sections s; to give a global, holomorphic section. This limit
section is the holomorphic representative that coincides almost everywhere with the limit

of the Cauchy sequence {1)(V};cy taken in L?(hy). O
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3.2.5. Lemma. Given a vector u in a fiber above x := 7(u), the point evaluation

Oy + Li(hp) — C
(3.3)

W — ho(u, ¥ (x))

defines a bounded linear functional, and by the Riesz representation theorem this evaluation
can be realized as an inner product ¢(u) := (ey, 1)) = 9, (1)) with a section e, € Lz (hpy).
Two such sections form a kernel function k(u,v) := (ey,e,) that is defined on £ x £ and

sesquilinear in the fibers.

Proof. The detail that mostly deserves explanation is the boundedness of 9,,. To verify this,
we choose a local trivialization ¢ around the fiber generated by u, mapping 71 (U) C L to
V x C with a ball V' C C™ having the first component of {(u) as the center.

Given a convergent sequence of sections {¢)()};cy, we use as in Appendix A the
mean value property of the associated holomorphic functions 1[)](-1) on V to bound the value
of ¥,(¥®) by a constant times the L>norm of ). Since the sequence has the Cauchy
property, ¥, (1)) is also Cauchy, and therefore convergent.

The sesquilinearity of k results from the scaling property e., = ¢e, for any ¢ € C

and u € L. O

3.2.6. Definition. The dual bundle £* is the bundle associating with each x € M the
space of linear forms on 7~!(z). With the help of the Hermitian structure, we can identify
sections v in £ with their dual ¢* in £* by ¥*(u) = Jy@)(u) = he(P(x),u) for u €
7 (x),xz € M.

A Schwartz kernel in a complex line bundle £ is a family of linear mappings {S(z,y) :
Ly — Ly}zyem, that is, S(z,y) is linear in vectors with base point y and has as its values
vectors at x. If S(z,y) is jointly continuous in z and y, then it can be interpreted as

continuous section in the bundle £L @ £L* — M @ M.

3.2.7. Proposition. The Schwartz kernel K given in the terminology of the preceding

lemma by K (x,y)v = e,(x) for v € 7~ 1(y) is jointly continuous in x and y. We will call K
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the reproducing kernel of L? ,(hu) because of the identity

b(z) = /M K (2, )0 (9)duly) (3.4)

Proof. The joint continuity follows from the continuity of e, in v and the uniform con-
vergence of Cauchy sequences in L%wl(hu). These properties may be obtained using the
definition of e, via (3.3) and the argument in Appendix A.

To derive (3.4), we consider in a first step the adjoint map (K (z,y))* : 7 (z) —
771 (y), in the usual way defined by u + hy,(K(x,y)v,u)v, independent of the choice of
a normalized vector v € 7 1(y),|v| = 1. We claim that (K(x,y))* = K(y,x), which
means for all u,v in fibers above = and y, respectively, the equation h,(u, K(z,y)v) =
hy(K (y,z)u,v) holds. To simplify the following calculation, we assume that u and v are

normalized; the general case follows by rescaling.

ha (u, K (2,y)v) = ha(u, e4(2)) = he(u, €y (u)u) (3.5)
= éy(u) = éu(v) (3.6)
= hy(€u(v)v,v) = hy(eu(y), v) (3.7)
= hy(K(y, x)u,v) (3.8)

The second step for the derivation of (3.4) uses again a normalized vector u above z,

Y(x) = Pu)u = (ew ) u (3.9)
— / hy(ea(y), () u dps(y) (3.10)
M
— [ byt )u0) wdn(y) (3.11)
M
— / hy (1, K (2, 9)(y)) w dpu(y) (3.12)
M
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Comment. One of the goals in this work is to find a formula for this kernel. In principle,
one could follow a Gram-Schmidt orthogonalization procedure, construct an orthonormal
basis of sections {n;};cny and then express the reproducing kernel as a series K(z,y) =
Y m(z)hy(m(y),-) that terminates after finite terms or converges uniformly on compact
sets in M x M. However, this procedure is too abstract to show how the geometry of
L shapes the kernel. We will therefore present an alternative strategy, expressing K in a

probabilistic way.

3.2.8. Consequence. If hy is smooth and nowhere degenerate, then any bounded opera-
tor B on L2 ,(hp) possesses an integral kernel B(z,y) that is characterized by the equation

hy(u, B(z,y)v) = (K(-,2)u, BK(-,y)v), and the image of ¢ € L? (hu) is expressed as

Bi(z) = /M Bz, y)i(y) d(y) (3.14)

Proof. That B(x,y) is indeed an integral kernel results from the reproducing property
(3.9) and Fubini’s theorem. The sesqui-analyticity of B(z,y) follows because the mapping

v K(-,m(v))v = e, into L? _;(hu) is antiholomorphic. O

3.2.9. Remark. Since the right-hand side of equation (3.14) is defined even for ¢ €
L?(hp), any bounded operator extends naturally via its integral kernel to all of L?(hpu).
From this point of view, K (x,y) is the integral kernel of an orthogonal projection operator,

henceforth also called K, that maps L?(hu) onto L2 ,(hu).

3.3 Berezin-Toeplitz Operators Defined via Quadratic Forms

In the remaining text, we assume that h and p are smooth and non-degenerate to

ensure that L? (hu) is complete.

3.3.1. Definition. Given the Hilbert space L% ,(hu) and a real-valued function f: M —

R, we consider the sesquilinear form

T:Q(T) x Q(T;) — C (3.15)

(.6) — /M F@)ha(b(x), 6(x))du(z) (3.16)
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with form domain

Q7)) = {0 € Liathu) : [ 17(@)|hs((a). 0(a))d < o0} (3.17)

When referring to 75 as a quadratic form, it is really the function ¢ +— 7f(1), ) that is

meant.

3.3.2. Definition. Given a real-valued, bounded function f : M — R, the form 7
specified in the preceding definition is bounded and symmetric. Therefore, it is associated
with a self-adjoint operator Ty satisfying (1, Tptp) = T5(¢, %) for all ¢ € L% (hp). In the
context of weighted Bergman spaces, we call Ty a self-adjoint Berezin-Toeplitz operator

and the function f its symbol.

Remarks. The original definition according to Berezin [Ber72, Ber74] and its geometric
interpretation by Rawnsley and others [CGR90, CGR93, BMS94, CGR94, CGR95] do not
refer to sesquilinear forms. Indeed, for bounded symbols the approach chosen here offers
no new insights.

However, the use of sesquilinear forms is convenient for the construction of semi-
bounded Berezin-Toeplitz operators described in the remaining part of this chapter. The
implicit goal is to find a large class of possibly unbounded symbols f that lead to closed,
semibounded quadratic forms 7; and thus yield unique self-adjoint Berezin-Toeplitz op-
erators Ty via the Friedrichs construction characterized by equation (3.20). In fact, this
goal leads the discussion from abstract conditions ensuring the semiboundedness of T to

a more concrete class of admissible symbols presented in the next chapter.

3.3.3. Lemma. The sesquilinear form belonging to a non-negative function f > 0 is

closed.

Proof. We need to show that Q(7), equipped with the form-norm ”'HTf defined by

18llz, = (Tr(, ) + [0]*)/? for ¢ € Q(Ty), (3.18)

is complete.
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Suppose (¢)ien is a Cauchy sequence with respect to the form-norm. Due to the
estimate [|¢| < ||¢||Tf the sequence is convergent in L7 ;(hu), ¢, — +. Using pointwise con-
vergence and Fatou’s lemma, we obtain |[¢) — 1/11\\7} < liminfg o ||t0r — q/JlHTf and therefore

the sequence (¢;);en converges with respect to the form-norm. O

3.3.4. Fact. If the form 7;+ belonging to the positive part f* : z — max{f(z),0} of a
function f : M — R is densely defined and the negative part f~ : z +— max{—f(x),0} can

be incorporated in 7y as a form-bounded perturbation, meaning

Ti- (0, 0) < e1 T+ (1,9) + eol[] (3.19)

with a relative form bound ¢; < 1 and a constant ca > 0, then 7} is closed on Q(7f) =

Q(7;+) and has a lower bound ¢ € R, such that 7 (), ) > cllv)?.

Proof. This is the so-called KLMN theorem, see [Sim71] or [RS75, Theorem X.17]. It
goes back to works of Kato [Kat55], Lax and Milgram [LM54], Lions [Lio61] and Nelson
[Nel64b). O

3.3.5. Fact. If the form 7y is closed and has the greatest lower bound ¢ € R, then it
belongs to a unique self-adjoint operator Ty that is characterized in terms of the square-

root /Ty — c satisfying

(VT = cd, /T —ct) +c(6,0) = Tr(6,¥) for all ¢, € Q(Tf). (3.20)

whenever ¢, ¢ € D(\/Tr — ¢) = Q(Ty).

Proof. Again, we refer to the literature [RS80, Theorem VIII.15] or [Wei80, Theorem 5.36]

for the proof of this result which we call the Friedrichs construction. O

3.3.6. Remarks. As a special case of Consequence 3.2.8, when f is a bounded function,
Ty has an integral kernel Ty (x,y) characterized by hy(u, Tt(x,y)v) = (K(-,z)u, fK(-,y)v),

where u, v € £ have base points = and y, and the scalar product is taken in L?(hu).
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For ¢ € Dyin(Ty) = {¢p € L3 ,(hu), f1p € L*(hp)}, the identity Ty = K(f1))
relates Tt to the traditional way of defining a Berezin-Toeplitz operator as a composition
of a multiplication operator with the orthogonal projection K. However, it may happen
that Dy (1) does not include all of L? ,(hu), although the operator T} is bounded.

A disadvantage of defining Ty by a semibounded form is that in general, nothing is
known about its domain. The situation is different, if a domain of essential self-adjointness
can be identified for Ty. Such situations have been investigated in detail [JS94, Cic96] for

the case of the so-called Fock-Bargmann space.

The definition of Berezin-Toeplitz operators clearly does not rely on the validity of
a correspondence principle and we will also not need to refer to it hereafter. However,
because of its physical significance, we briefly mention some aspects concerning classical

asymptotics in the context of Berezin-Toeplitz quantization on Kéhler manifolds.

3.3.7. Definition. The curvature R of a complex line bundle £ with a connection V is

given by the expression

RX,Y = [Vx, Vy] — V[ij] =VxVy —VyVx —Vxv_yvx (3.21)

for any two vector fields X,Y € T(M). Contrary to its appearance, Ry y is a zeroth-order
differential operator that acts by scalar multiplication on the fibers. In other words, R can

be interpreted as a two-form on M with values in the linear endomorphisms on the fibers

of L.

3.3.8. Definition. Let M be a complex manifold that is equipped with a Hermitian met-
ric hTM on the holomorphic tangent bundle 7M. Obviously, ¢ := 9e KM is a Riemannian
metric and w : (X,Y) — 2g(X,JY) is antisymmetric in X,Y € TM. The latter is also

called the Kéhler form of hTM. If w is closed, dw = 0, we call M a Kéhler manifold.

3.3.9. Definition. A prequantum line bundle £ over a Kéhler manifold M with a is a
holomorphic line bundle with a connection and a smooth non-degenerate Hermitian metric

KM on T M such that the curvature R of the bundle and the Kéahler form w of the metric
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are in the relation

Rxy = %w(X, Y) (3.22)

with a fixed value of A > 0 for all X,Y € T M.

3.3.10. Remarks. If the prequantum line bundle £ has a non-trivial topology, a well-

known integrality condition for Planck’s constant 27/ emerges [Woo092, Chapter 8.

If 42 is chosen as the Liouville measure L w"\" := (—=1)nn=1)/2 L wAWA: - Aw, then
w is invariant under canonical flows on M and one obtains a unitary group representation
by lifting these flows to a horizontal transport of sections in £. This idea is the starting
point of geometric quantization [Tuy87, Wo0092].

In the special setting of prequantum line bundles on homogeneous or compact Kéahler
manifolds, the Berezin-Toeplitz operators defined on the Hilbert space L%Ol(hu) are known
to observe a correspondence principle, see [Ber74, Per86] or [BMS94, Sch98]. Moreover, in
the compact case the same kind of classical asymptotics can be proved for more general

almost-complex manifolds [BU96].

3.3.11. Remarks. Let £ be a holomorphic line bundle with a Hermitian form h and
suppose its base manifold M is Kéahler. If initially the curvature R of £ and the Ké&hler

form w of M are conformally related, meaning

Rxy = %621//”(4)()(, Y) (3.23)

with a smooth logarithmic scaling function v : M — R, then one may obtain the prequan-
tum condition (3.22) by rescaling h and p appropriately without changing the Hermitian-
form valued measure hpu.

Indeed, the desired relation (3.22) is obtained from equation (3.23) using

Wo=ehand o = e¥/"w, (3.24)
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which preserves hu = h"ln! Ww'". To verify (3.22), we note that by the compatibility
requirement (2.1), the change induces a new connection Vx +— V'y := e’V xe ¥, but the
curvature remains the same.

Consequently, relaxing the prequantum condition (3.22) to (3.23) does not provide
any more generality. Nevertheless, the flexibility to choose “unphysical” combinations of

h and p will be used in a result in Chapter 6.



CHAPTER 4
SELF-ADJOINT BEREZIN-TOEPLITZ OPERATORS AS MONOTONE
LIMITS OF SEMIBOUNDED SCHRODINGER OPERATORS

The main motivation for this chapter is to introduce a Riemannian metric on M
in order to relate Berezin-Toeplitz and Schrédinger operators. An important applica-
tion concerns the self-adjointness of Berezin-Toeplitz operators. In this chapter and the
following one we derive conditions that are more accessible than verifying the abstract
form-boundedness of Ty- with respect to T+ according to inequality (3.19).

At first, the Riemannian structure seems to be an auxiliary element that is not
needed in the definition of Berezin-Toeplitz operators according to the prescription of the
preceding chapter. Nevertheless, the introductory remarks given there point out that the
presence of coherent states leads to a Fubini-Study type metric, which is Kahler. The real
part of this metric can then be used to define a Riemannian structure.

In the following, we consider Hilbert spaces L? ,(hm) of square-integrable holomor-
phic sections in a holomorphic Hermitian line bundle £ that has a base manifold M with a
Kéhler metric. The use of the natural volume measure m associated with the real part of
the Kéhler metric as apposed to the Liouville measure p indicates that we do not require

the curvature of £ to be in a prequantum relation (3.22) with the Kéahler structure of M.

4.1 Elementary Definitions of Riemannian Geometry

4.1.1. Definition. A metric g = {g;}zem on a differentiable manifold M is a smooth
family of non-degenerate, positive bilinear forms g, on T, M. Whenever g is present, we
will say M is a Riemannian manifold. As usual, the metric is accompanied by several

derived concepts.

34



35

e A canonical bijection between the space of tangent vectors and one-forms is given by
X — X,

X'(Y) =g(X,Y), (4.1)

and its inverse 3 — (¢ satisfying

9(8%,Y) = B(Y) (4.2)

for all X,Y € T, M and one-forms § € T* M.
e The gradient of a smooth function f on M is the vector field grad f := (df)! € T(M).

e With an orthonormal frame {Ek}‘,le, such that g(Ey, E;) = 0y in each T, M, we can

express a natural, coordinate-invariant volume element dm := \/g(x)d% := %EE A

Ej--- A E’, where g(z) denotes the determinant of the matrix g,(9/9z®),0/92(")

with the coordinate vector fields corresponding to z(*) and z® for k,1 € {1,...d}.

In addition, we can perform a trace operation Tr’Mp := 22:1 b(Ey, Ex) on any

bilinear form b : TM @ TM — C.

e The divergence of a vector field Y € Tr(M) is given as the trace divY := TrTMpy

of the bilinear form by : (X, Z) — (X, CovzY).

e One of the fundamentals of Riemannian geometry is the existence of the unique
affine Levi-Civita connection Cov : Tr(M) x Tr(M) — Tr(M). By definition, it is

compatible with the metric in the sense that for X,Y,Z € Tr(M)
Xg(Y,Z) =g(CovxY,Z) + g(Y,Covx Z), (4.3)
and it has vanishing torsion,

CovyxY —Covy X — XY +YX =0. (4.4)
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4.1.2. Convention. We will not distinguish between a metric g on the tangent bundle
TM and its sesquilinear extension to the complexified tangent bundle 7€M, as usual
conjugate linear in the first argument. Similarly, the connection Cov is made complex

linear on TCM x TCM, and the divergence is thus defined as Tr"Mby for all Y € T(M).

4.2 Bochner’s Laplacian and its Relation to the Holomorphic Laplacian

Several Laplacians will be introduced in this section, each one is characterized by an
associated positive definite quadratic form. Later, Schrodinger operators will arise from
perturbations of these forms.

By default, M is always a d-dimensional Riemannian manifold, and whenever it
appears in conjunction with the £ holomorphic line bundle £, it is tacitly understood to
be the base manifold. The Hermitian metric h on £ and the natural volume measure m

on M are as forms assumed to be smooth and non-degenerate.

4.2.1. Definition. The Friedrichs construction corresponding to the closure of the qua-

dratic form

E(f,f) = /Mg<grad f.grad f)dm (4.5)

with initial form domain CS°(M) is called the negative Dirichlet Laplacian —A on L?(m).

4.2.2. Definition. The negative Bochner Laplacian —A% on L?(hm) is the Friedrichs

construction corresponding to

EF(, ) = /M TeTM (Ve Vip)dm (4.6)

defined on C2z (M), the space of smooth sections with compact support. Hereby, the trace
operation is defined as before by choosing an orthonormal basis {Ek}gzl in each T, M such

that Tr™M A(V, Vi) = X4 W(VE 0, Vi ).
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4.2.3. Proposition. On twice differentiable, compactly supported sections 1, A* is ex-

pressed with the use of the orthonormal frame {Ek}%zl as the differential operator

d
ACY ="V, Vi — Voovs, 5. - (4.7)
k=1
Proof. In the following, we use the abbreviations Vi := Vg, and Covy := Covg,. We

employ the compatibility requirement for the connection and write

h(Vith, Vith) = Exh(v, Vih) — h(v, Vi Vi) . (4.8)

Under the integral, we can convert the first term on the right-hand side

/ Euh(¥, Vi) dm = / (= div Ep)h(e, Vih)dm . (4.9)
M M

Expressing the divergence in terms of a trace with respect to the orthonormal frame pro-

vided by the vectors E}, yields

d

d
(— div Ep)h(, Vih) = = > (B, CoviEx)h(, Vih) = > (Covi By, Ex)h(ih, Vit)) .

=1 =1

(4.10)

Now we use the completeness relation ), (-, Ey)E} = idraq on the real vector space T'M

together with the linearity of the connection V in the subscripted argument to obtain

d d
Z (Cov Ep, E)Vy, = ZVCOVZEZ . (4.11)
k=1 =1

Renaming the summation index and putting the previous equations together gives the

desired expression (4.7). O
We recall that by assumption all manifolds we consider are pathwise connected.

4.2.4. Fact. Every complete Riemannian manifold M admits a localizing sequence of

smooth cut-off functions with a uniformly attenuated gradient bound. This means, there
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is an increasing sequence {n;};en of smooth functions 7; pointwise converging to unity,
m(xz) /' 1 for all x € M, each n; has compact support, and the uniform gradient bound
g(grad n;, grad ;) < C; holds for some sequence {C}};en of positive numbers C; > 0 con-

verging to zero.

Proof. The construction uses a result by Greene and Wu [GW79, Corollary to Proposition
2.1], by which one may approximate the distance from a fixed point y € M with a smooth
function. To be precise, one obtains a smooth function v : M — R such that ||grad v|| < 1
and |v(x) — dist(z,y)| < 1 for all x € M.

For the construction of the cut-off functions, we pick a real-valued smooth function 7 :
R — [0, 1] that is bounded above and below by characteristic functions X[-1,1] <1 < X[-22)
ensuring compact support in the interval [—2,2]. The composition n;(z) := n(%v(x)) then

defines an increasing sequence of smooth functions 7; /' 1 with the gradient bound

1 1 1
gradn, = ?n’(gv(x))grad v(z) < o7 Sup 1n'(r)] . (4.12)
reR

In addition, due to the completeness of the manifold, the support of each 7; is compact

since it is contained in the closed set v~ ([—2!,2]]). O

4.2.5. Theorem. If the Riemannian manifold M is complete, then —A is essentially self-
adjoint on C°(M). The same holds for —A* with C%2(M) as a domain of essential

self-adjointness.

Proof. Tt is sufficient to show this for A%, since A can be considered as the Bochner
Laplacian on the trivial bundle M x C with the obvious Hermitian structure. We adapt
Davies’ treatment of the Dirichlet Laplacian [Dav89, Theorem 5.2.3] using the localizing
sequence of cut-off functions described in the preceding construction.
The essential self-adjointness of —A¥ is by its positivity equivalent [RS75, Theorem
X.26] to having only the zero vector in the orthogonal complement of (—A* + 1) C2(M).
Suppose there is a nonzero vector u L (—A*41) C% (M), in other words the equation

AFy = u has a weak solution u € L?(hm). Using the localizing sequence {n; };cn described
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above, we may estimate

0> —[lpull; = E°(nfu,u) (4.13)
d

= / Zh(vkn?u, Viu)dm (4.14)
M=

d
= [ > Bl Viwdm
M1

d
+ / > 0P h(Viu, Vigu)dm . (4.15)
M =1

The last term is positive and we conclude that it must be bounded by

d d
/ Zn?h(vku,vku)dm < 2 / ZmEk(m)Hh(u,vku)mm (4.16)
M=1 M
d
= 2/MZ771|Ek(m)l\/h(u,u)h(vku,vku)dm (4.17)
k=1
<

2 / millgrad il y/h(u, w30 h(Viu, Viw) dim - (4.18)
M

where the Cauchy-Schwarz inequality has been used repeatedly. With the abbreviation

a = mv/ 2 M(Viu, Vi), we obtain

[ ctim <2 [ alsradnly/if, (4.19)

and after using the Cauchy-Schwarz inequality again,

2
lledlly < 2lleillallgrad mll o llwll; - (4.20)

To avoid confusion, ||-||, denotes the L?-norm and the term |grad |, the essential supre-
mum of the Riemannian length of gradn;(x) over z € M. This last inequality involves
finite quantities on both sides, because u is a smooth function by an argument related to
Sobolev norms as in Appendix B. The properties of the localizing sequence {7} imply
that the right-hand side approaches zero in the limit [ — co. Therefore, by Fatou’s lemma

EX(u,u) = 0 or VFu = 0, which is in contradiction to the assumption A%y = u # 0. O
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Now we will investigate the interplay between Riemannian and complex structures

on M.

4.2.6. Definition. Let £ be a holomorphic line bundle with a Riemannian base manifold
M. The Hermitian metric on £ is denoted by h, the Riemannian metric on TM by g, and
the natural volume element on M by dm.

Suppose we pick a local antiholomorphic section in the orthonormal frame bun-
dle of TOD M, which means in a sufficiently small open set U, we have vector fields
21,72, Zq)s € T(O’l)(./\/l) that are orthonormal, g(Zy, Z;) = 0y;. For a section v, the
value of Trl®V h(Vep, Vip) := 3, h(V 2,1, V z,1b) depends on the metric and the connec-
tion V, not on the particular choice of orthonormal holomorphic vector fields. Therefore,
we may define the negative holomorphic Laplacian —A©*)_ in a manner analogous to the

previous definitions as the operator corresponding to the closure of the quadratic form

EOO) (4 4) = / TV (Y, Vb dm (4.21)
M
initially defined on sections ¢ in the domain C%z(M).

4.2.7. Remark. Let g be a Riemannian metric on a complex manifold M and Cov its
Levi-Civita connection. It is straightforward to check in local coordinates [Zha00, Propo-
sition 7.14] that g is the real part of a Kdhler metric if and only if it is compatible with the
almost complex structure J and if Cov preserves the splitting of T(M) into holomorphic

and antiholomorphic parts, that is, CovxJY = JCovxY for all X,Y € T(M).

4.2.8. Proposition. If g is the real part of a Kahler metric, then the holomorphic Lapla-
cian A(%*) applied to twice continuously differentiable sections 1 with compact support is
expressed by the formula

/2

A0y =3 (V4 V7, ~ Ve, 7,) ¥ (4.22)
k=1

involving the set of local holomorphic frame vectors {Zk}i/j | specified in Definition 4.2.6.
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Proof. To obtain the differential operator YNCD representing the quadratic form &£ (09),
we use a strategy similar to the derivation of the differential operator —A~:
d/2

J A0y = h(V7 1,V ¥)d 4.23
(¢ V) ;/M(ka 7, 1)dm (4.23)

d/2

_ /M;

d/2
<Z(COVE1EI + COVJEl JE], Zk)h(¢, Vzkd))
=1

—h(¥, VZkVZk¢)> dm (4.24)
d/2
= /M ; h(¢v (Veovy, 7, — Vzkvzkﬁﬂ) dm (4.25)
The last step
d/2 a2
Z (Covg, By + Cov g, JEy, Z) Z), = Z Covz, Zk (4.26)
ki=1 P

uses Zz/zzl ((,Ex)Ey + (-, JER)JEy) = idpa and the compatibility between the almost
complex structure and the covariant derivative in the equation (Covg, Ej+Cov jg, JEj, B, —

ZJEk) = (COVEZJEZ - COVJEZEI, JEk + ZEk) ]

4.2.9. Proposition. Given an orthonormal frame {Zk}i/:21 of T(L9) M obtained from the
real frame { E}, JEk}Z/jl of TM by Zj, := %(Ek—iJEk), then a Weitzenbock-type formula

relates the holomorphic and Bochner Laplacians
(AL —p) (4.27)

by a zeroth-order term p obtained from contracting the curvature R of the line bundle with

the frame vectors, p(z)y(z) = Z/jl Ry 7 v(x).

Proof. By commuting and anticommuting the terms involving the frame vectors and their

conjugates, we obtain the relevant parts that need to be added and subtracted in order to
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isolate the Bochner Laplacian:

/2
A0 — Z (v %wVz, — VCOVZkgk) (4.28)
k=1
1 d/2
= 3 <VZkV7k + V5V, — V7,92
k=1
B vCovZk7k+Cov7k Zy, + vCovkakaovzkfk) (429)
L
- 5 Z(VZkka + VZkVZk - vCovzk7k+C0vZka
k=1
—[Vz,,Vzl+ V[szk]) (4.30)

) /2
= 5 (Ac = thzk) : (4.31)
k=1

Hereby, the torsion-free property of the Levi-Civita connection Cov has been used in order
to create the commutator [Zy, Zy| = Zx 2y — Zi 2y, = COVZk Zy, — CovZkZ;C and thus the

term involving the curvature of the line bundle. O

4.2.10. Remark. If the curvature of the bundle and the Kéhler form w = 3g(-, J-) are in

the prequantum relation (3.22), then p is a constant,

d/2 d/2 | 2 p
p= ;Rzk,zk = —i;REk,JEk = o ;g(Ek,Ek) = 1 (4‘32)

4.3 Berezin-Toeplitz Operators as Limits of Schrédinger Operators

This section shows how a Berezin-Toeplitz operator can be extended to a family
of Schrodinger operators and reconstructed as a monotone limit of this family. A major
benefit is that the knowledge about Schrodinger operators can be used to find sufficient
conditions for the semiboundedness of 7, thereby ensuring the self-adjointness of the

associated Berezin-Toeplitz operator.

4.3.1. Convention. In the following, £ is always a holomorphic Hermitian line bundle

and ¢ is assumed to be the real part of a Kéhler metric on the base manifold M.
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4.3.2. Proposition. If the manifold M is complete, then the space L%wl(hm) is in the
domain of the form-closure of £(>*) and can be identified as the null-space {¢ € L?(hm) :

— A0y =0} of —A0),

Proof. Given ¢ € L2 ,(hm), we need to construct a Cauchy sequence {t;},en in CS2(M)
which converges to ¢ with respect to the form-norm, |9, — 1|/¢©. — 0. To this end, we
use an increasing sequence of localizing cut-off functions 7; : M — [0, 1] with the uniform
gradient bound sup,c ||grad n(z)|| < % for some constant C' > 0, as described in the
preceding section. Then by monotone convergence ||y — 9| — 0, and the remaining term

in the form-norm can be estimated by

EOO) (mup, ) = /MZh(Vanld;,Vkaqb) dm (4.33)
k
= 3 [ (1P b )+ Inf WV, .9 7,0)
k

+2%Re (Zi (7)) (¢, vzm)) dm (4.34)

IN

CQ
Gl + [ S bV, 0. V7,0 dm
k

=1y > |amn. vz, )] a. (435)

Using the Cauchy-Schwarz inequality, we have

C? c
£O) p,m) < S0l +ECDw,0) + T IWIEC )2 (436)

so by dominated convergence £©*) (n9) — 1p, m1p — 1) — 0. Thus, both terms in the form-

norm converge to zero. O

4.3.3. Definition. A semibounded Schrédinger operator Sﬁq on L%*(hm) is the self-

adjoint operator associated with the form

&5 (1, 1) = DEF(1, ) + (¥, qv) , (4.37)
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where D > 0 is some coupling constant and the requirement

(,470) < 165, . (6, 1) + (1, 0) (4.38)

is satisfied with relative form bound ¢; < 1 and some constant co > 0. Thus, the form

domain of GLD” is obtained from the closure of C%2 (M) N{ : (¥,q ) < oo}

4.3.4. Remark. If in addition to the requirement (4.38), the curvature term p of Propo-

sition 4.2.9 is also form-bounded perturbation of Sqﬂ, then

S0 1 &5, 16 18) = DEO(W,0) + (1, ) (4.39)

has the same form domain as (‘5% q and also defines a generalized Schrodinger operator,

hereafter referred to as Sg)’;).
4.3.5. Proposition. If the assumptions of Proposition 4.3.2 and Remark 4.3.4 are ful-

filled, then G(Igz}) is semibounded and 7 on L7 ,(hu) is closed and semibounded.

Proof. First we note G(DO:;) (¢, ) = T¢(¢, ) for any D > 0 and ¢ € Q(75). Thus, we only
)

need to show that the restriction of Gg:} to the closed subspace L7 ,(hm) is again a closed
and semibounded form.

To show closedness, assume a sequence (¢;)ey in L2 ,(hm) which is Cauchy with
respect to the form-norm. Then by the closedness of Gg:;) the sequence has a limit
(NS Q(Gg:})). However, this limit is contained in L? ,(hm), because the sequence (t;)en
also converges with respect to the usual norm on L2 ,(hm).

Semiboundedness follows from the inequality

inf 60w,y < inf &%, 4.40
%Ll,p(hm% D (¥,9) < weL%g o, D11 (¥, ) (4.40)
ll=1 =1

due to the set inclusion L2 ,(hm) C L?(hm). O
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4.3.6. Remarks. As stated, the above theorem does not imply that 7; is densely defined.
Therefore, Ty might be self-adjoint only on a Hilbert-subspace of L%wl(hm).

One motivation for choosing m different from the Liouville measure p becomes appar-
ent here. It may be beneficial to introduce additional form-bounded perturbations derived

from a conformal rescaling of A and p in order to enlarge the class of admissible symbols f.

4.3.7. Proposition. If the assumptions of the preceding proposition hold, then the semi-
)

group generated by Sj(jo’; converges in the limit D — oo strongly to a Berezin-Toeplitz

semigroup,

L a0)
lim e DS = e K by, (4.41)

D—oo

where t > 0, ¢ € L?(hm), and the orthogonal projector Ky = K;ZKf maps onto the closure
of Q(Ty) in L2, (hm).

Proof. The limit D — oo of Gg:}) yields a non-densely defined form

S07 v lim &5 (6,¢) (4.42)

which is by inspection identical with 7.
The monotone convergence implies then that 7; is closed [Sim78] and the semi-
boundedness follows from that of 6%):}) < 7; for some D > 0. These properties imply

that the Berezin-Toeplitz operator Ty associated with 7; is self-adjoint on the closure

Q(IZ}) C L%ol(hm)'

By the monotone convergence of forms the self-adjoint operators Sl(g’;)

converge in the
strong resolvent sense [Sim78], which in turn implies strong convergence of the semigroups

they generate [RS80, Theorem S.14]. O



CHAPTER 5
PROBABILISTIC REPRESENTATION OF BEREZIN-TOEPLITZ
SEMIGROUPS

This chapter introduces a new element into the discussion of Berezin-Toeplitz opera-
tors, the concept of Brownian motion on the base manifold of the holomorphic line bundle
L. In terms of this stochastic process, one may characterize the Kato class of functions
on M. It turns out that Kato decomposable functions f lead to semibounded, self-adjoint
Berezin-Toeplitz operators Ty on L% oi(hm), where m is the Riemannian volume measure
on M. The final result in this chapter is a probabilistic expression for Berezin-Toeplitz

semigroups, referred to as the Daubechies-Klauder formula.

5.1 A Starter in Stochastic Analysis

Henceforth, (92, F,P) is a complete probability space, and T := R := {t > 0}
denotes the time domain for stochastic processes. The qualifier almost surely (a.s.) means
on a measurable subset A € F with probability one, P(A) = 1. Integration with respect to

the probability measure P is customarily expressed in the expectation value E[e] := [(e)dP.

5.1.1. Definition. Let (F,B) be a metrizable topological space with the Borel o-algebra
B generated by all open sets. If E happens to be the d-dimensional Euclidean space
R?, we will always interpret B as the Borel o-algebra belonging to the usual metric and
topology. A stochastic process X with values in E is a family {X;};cr of measurable

mappings X; : 2 — F.

5.1.2. Definition. A filtration of the o-algebra F is a nondecreasing family {F;}ier of
sub-o-algebras, F; C F; C F for all s,t € T with s <t¢, such that Utzo F:=F.
The filtration is called right-continuous if F; = Fiy 1= (e Fry1/n for allt € T. A

standard filtration is by definition right-continuous and Fy already contains all sets of zero

46
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probability. A stochastic process X is called adapted to a filtration {F;}er if each X, is

Fi-measurable.

5.1.3. Definition. A stochastic process X is called (right-)continuous if its realizations
t — Xi(w) are a.s. (right-)continuous. In this case, we refer to the realizations as (right-)con-
tinuous paths. The predictable o-algebra P is the smallest o-algebra of sets making all
continuous, {F; }-adapted processes X measurable when interpreted as mappings X : T x

Q) — E. The P-measurable processes are called predictable.

Remark. All predictable processes are {F+ }-adapted [RY94, Exercise 1.4.20].

5.1.4. Definition. A stopping time 7 is a random variable taking values in T U {oco} such

that for all t € T, the event {7 <t} belongs to F;.

5.1.5. Example. Let X be a right-continuous F-valued process, adapted to a filtration

{Fi}ter. If the set A is closed in E, then the hitting time
Ta = 1inf{t € T : X; € A} (inf 0 := c0) (5.1)

is a stopping time [KS91, Section 1.2]. If, in addition, the filtration is right-continuous,

then A can be open or closed and 7, is a stopping time [RY94, Proposition 1.4.6].

5.1.6. Definition. Let G be a sub-o-algebra of F. The set of G-measurable, p-integrable
random variables is denoted by LP(P,G).

The mapping which takes a random variable X € L' (P, F) to the conditional expec-
tation E[X|G] € L'(P,G) is the unique extension of the orthogonal projection from L?(IP, F)
onto L?(P,G).

5.1.7. Definition. An {F;}-adapted process {M;};er with values in R? is called a mar-
tingale if for all ¢ € T the following conditions hold:

e Each coordinate process Mgk), k€ {1,...d} of M, is integrable, Mgk) c LY(P, F).

e For all 0 < s <t:E[M{|F;] = M with probability one.

Remark. If M is a martingale and 7 an almost-surely finite stopping time, then the stopped

process M7 given by {M] := My, 1.7) beer is a martingale [RY94, Corollary I1.3.6].
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5.2 Stochastic Integrals and Stochastic Differential Equations

From now on, we assume that {F;};er is a standard filtration, so we do not need to
distinguish between F;; and JF; any more, and thus all continuous, adapted processes are

predictable.

5.2.1. Definition. Let Ms be the vector space of all continuous, adapted martingales M
with values in R such that Mg = 0 and for all ¢ > 0, the random variable M; € L?(P, ;).
The quadratic variation [M] of M € My is the unique [RY94, Theorem IV.1.3] nondecreasing
continuous process with initial value [M], = 0, such that the compensated process M? — [M]
is a martingale. For M, N € My we define the cross variation [M, N] as

[M,N] = —([M+N] — [M —NJ). (5.2)

|

5.2.2. Definition. The set of simple predictable processes with values in R is called L.

Any X in Lg is of the form

!
Xt = COX{O} (t) + Z CjX{Tj<t§Tj+1}(t) (53)
§=0
for some | € N, where {7; }5‘:1 is a set of increasing, a.s. finite stopping times starting with
70 = 0, and each random variable C; :  — R is bounded and measurable with respect
to the o-algebra F7, of events determined by information up to time 7;. More explicitly,

F € F;; means that for allt € T: FN{r; <t} € F.

5.2.3. Definition. The [t6 integral of X € Ly with respect to M € My is the R-valued
martingale | := [ XdM := 2220 Cj(M7i+1 — M™). Note that this definition is only su-
perficially dependent on the different ways to write X € Ly as a finite linear combination

according to (5.3).

The immediate goal is now to replace Ly and Ms with a wider class of admissible
integrands and integrators. To this end, we will employ several limiting procedures in

suitable topologies.
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5.2.4. Definition. Given M € My, we define Lo(M) as the space of predictable, real-

valued processes X such that E[ [;* X2d[M],] < oo.

5.2.5. Remark. Consider the distance functions

d(M, N) ::i%min((E[[M—N]j])lm,l) (5.4)

for M;N € My and

[e.e]

du(X,Y) =" 2% min<<E [/Oj(xs - Y5)2d[|v|]s} ) 2 1) (5.5)

J=1

for X, Y € La(M), respectively. By inspection, d is positive definite on My, that is, a metric.
At first, dy is only positive semidefinite, but it becomes a metric on Ly (M) once we identify

two vectors X, Y whenever dy(X,Y) = 0.

5.2.6. Remark. After this identification, Ly becomes a dense subspace of La(M), because
the ring of stochastic intervals {[0, 7], [71,72] : 7,712 stopping times} generates the pre-
dictable o-algebra P [RY94, Exercise 1.4.20]. Hereby, for two stopping times 71,72 we set
[0,71] := {(t,w) C Tx R4 : ¢t < m(w)} and |71, 7] := {(t,w) C TxR? : 7(w) < t <
To(w)}.

5.2.7. Definition. The class of local martingales MZQOC consists of martingales M for which
there is an increasing sequence of stopping times o; ' oo a.s. such that the stopped
processes M7 are in M.

For M € MY°, we let LY¢(M) denote the space of all predictable processes X for
which there is an increasing sequence of stopping times 7; " oo a.s. such that each

E[ [ X2d[M]] < oc.
5.2.8. Definition. The inequality

E[12] = E[/Ot xgd[M]s} < IE[/OOO xgd[M]s} < 0. (5.6)
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shows that for a fixed M € My, the stochastic integration X +— | := [ XdM defines an
isometry between Ly and Ms. Therefore, we can define the Itd integral as the unique
continuous linear extension of the mapping X € Ly — f XdM € M to the case X € La(M).

IfMe MIQOC and {0} en is a localizing sequence, we first perform this extension for
the stopped processes M and X7 with 7; := inf{o;,r : [; X2d[M] > j} and then define
[ XdM :=lim;_o [ XdMT, valid for X € L¢(M).

This extension is characterized by the property [KS91, Proposition 3.2.19] that if
M,N € MZQOC and X is predictable and locally bounded, then we have [ ( J XdM) dN =
[ Xd[M, N].

5.2.9. Definition. We say a real-valued process A is of locally bounded variation if there
is a sequence {0} en of a.s. finite stopping times growing to infinity, and each realization
of the stopped process A% is of totally bounded variation on T.

If A satisfies the stronger requirement that its realizations have a.s. finite variation,
it is called a process of finite variation.

The property of locally bounded variation or finite variation applies to a process with

values in R? when it holds for each component.

5.2.10. Definition. An adapted R%valued process X is called a continuous semimartin-
gale if there is a decomposition X = M + A with continuous, adapted processes M and A
being a martingale and a process of finite variation, respectively.

It is called a continuous local semimartingale if there is a decomposition X = M + A
such that M has components M®*) ¢ Mé”c,k: € {1,...d}, and A is a continuous, adapted

process of locally bounded variation.

Remark. In fact, this decomposition is unique [RY94, Proposition IV.1.2].

5.2.11. Definition. Given M € M and a process A of locally bounded variation, we

define

Lo 1(M,A) = {predictable X: / X2d[M], +/ |Xs| |dA|, < oo}, (5.7)
0 0
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where |dA| denotes the total variation measure for each realization of A. After a suitable

identification of vectors, the refined distance function

dua(X,Y) == du(X,Y) + 3 2% min (E [/Oj X, = YolldAL, 1) (5.8)
j=1

becomes a metric and the set of simple predictable processes forms a dense linear subspace

of LQJ(M, A)

5.2.12. Definition. Let X be a simple predictable process, M and A as in the preceding
definition. By applying Doob’s inequality to the martingale part of | = [ XdM + [ XdA,

we obtain

Efsup 1)) <4(E] /0 | Xz ] ) 4| /0 x| dA, | (5.9)

te(0,1]

for any I € N. With the help of a limiting procedure we can define [ XdY := f XdM—I—f XdA
for continuous semimartingales Y = M + A whenever X € Ly (M,A). In fact, by the
above inequality, a convergent sequence of semimartingales in Lo 1 (M, A) implies uniform
convergence of the corresponding It6 integrals on bounded subsets of T and thus | is seen
to be a continuous process.

Following a similar strategy as for the integral with respect to martingales, a local
version of this definition is obtained for continuous local semimartingales decomposed as

M + A and predictable processes X with a localizing sequence of stopping times o, " o

such that each X7 € Ly (M, A).

5.2.13. Fact (Itd’s formula). Let f € C%(R?), M a process with values in R? and com-
ponents M*) ¢ MIQOC denumerated by k € {1,...d}, and A an adapted, R%valued process
of locally bounded variation. We denote by Y = M + A the resulting semimartingale in R¢.

For all t > 0 we have a.s.

= W, s~ [ GRYG
YD = 1¥0) = 32 /0 LGRS /0 oA VAY®, YOl (5.10)

k=1
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Hereby, components with finite variation are automatically discarded in the cross varia-
tion. By inspection, the process f(Y;) is a semimartingale. Although the summation of
the components happens after the integration, we will abbreviate the right-hand side of

equation (5.10) as fot grad f(Y)dY + 1 fot dlf(Y), f(Y)].

Proof. See [KS91, Section 3.3]. O

5.2.14. Definition. A continuous martingale B = (B, ... B@) is called d-dimensional
Brownian motion with diffusion constant D > 0 if it starts at the origin By = 0, the individ-
ual coordinate processes are independent and identically distributed, and their quadratic
variation grows linearly in time with the constant of proportionality 2D, [B®)], = 2Dt,

with k € {1,...d}.

5.2.15. Definition. Let B denote the d-dimensional Brownian motion with diffusion con-
stant D > 0, adapted to a standard filtration {F;},er. Suppose the mappings o : R" —
R¥™>™ and a : R — R™ are continuous. An adapted continuous n-dimensional process X is

called a strong, non-explosive solution of the stochastic differential equation
dX¢ = o(Xy)dBy + a(Xy)dt (5.11)

with initial value x € R™ if Xo = = and X; — Xo = fot o(X)dB + fot a(Xs)ds hold with

probability one.

5.2.16. Remark. If 0 and a are differentiable with bounded derivatives, then a strong
solution exists and there is a constant C' > 0 with E[\Xt\Q] < Ce®t and any two solutions
are equal for all £ > 0 with probability one, see [KS91, Theorem 2.9]. Here and in similar

expressions, |X| denotes the Euclidean norm of X.

5.2.17. Definition. Let R" be the one-point compactification of R™. We define the set of
continuous paths that are stopped at infinity as CT(T,R") := {w € C(T,R") : if w(t) = oo

for some ¢, then w(t') = oo for all ' > t}.
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A strong solution of the stochastic differential equation (5.11) is an R -valued,
adapted process X with realizations in CT(T,R") and an explosion time 71 := inf{t >

0 : X¢ = oo} such that for t < 71 the corresponding integral equation holds.

5.2.18. Remark. If o0 and a are differentiable, then the stochastic differential equation

(5.11) has a unique strong solution.

5.2.19. Definition. The Stratonovich integral of a locally bounded, predictable process
X € L¥¢(M, A) with respect to a continuous local semimartingale Y := M + A composed
of the continuous local martingale M and the continuous process A of locally bounded

variation is given by [ XY := [ XdY + $[X,Y].

5.2.20. Property. If X,Y, and Z are locally bounded, continuous local semimartingales,

then [XY6Z = [X& ([ Y6Z) [Emes9, Exercise 1.1.12].

5.2.21. Proposition. Let X be a continuous local semimartingale and f € C3(R%). Then
F(Xe) — f(Xo) = [ grad(X)déX. In other words, Stratonovich integrals can be manipulated

according to the usual rules of calculus.

Proof. Using the definition of the integral,

/grad f(X)oX = /grad FX)dX + 1[gmd f(X),X] (5.12)

= / grad f(X) dX+ / A0 f (X)d[X®) X D] (5.13)
kl 1
= f(X) = f(Xo) (5.14)

The second equality is obtained with the help of It6’s formula (5.10) by expressing the term
grad f(X;) that appears in the cross variation of equation (5.12) as a stochastic integral,
and by considering that iterated cross variations vanish. The last equality is again Ito’s

formula read from right to left. O
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5.3 Brownian Motion on Riemannian Manifolds

5.3.1. Definition. A continuous M-valued process X adapted to a filtration {F;}ier is
called a semimartingale on the manifold M if for each smooth function f : M — R the

composition f o X is a continuous local semimartingale.

5.3.2. Convention. Note that from now on, when dealing with processes on manifolds,

we always assume their realizations are a.s. continuous.

5.3.3. Definition. Given a semimartingale X with values in a manifold M, the Strato-

novich integral of smooth one-forms along X is characterized by following properties:
o fg(df, 0X) = f(X¢) — f(Xo) for any smooth function f € C°°(M)

. fg(fa,(SX} = fg F(Xr)6 (fy (a,6X)) for any smooth one-form «, where the outer
integral on the right-hand side is a Stratonovich integral with respect to the real-

valued semimartingale in parentheses.

5.3.4. Remark. According to Whitney’s embedding theorem [Spi79], every smooth one-
form o on M can be written as a formal series a = ) ;bjda; where at each z € M only
finitely many of the functions aj,b; are nonzero. By its definition and Property 5.2.20,
the Stratonovich integral of a = Zj bjda; with respect to a semimartingale X can then

be written as a Stratonovich integral of a real-valued continuous local semimartingale

[{a, 6X) = ijbj o Xé(aj o X).

5.3.5. Definition. Given semimartingales X and Y with values in the base manifold M
and the total space L, respectively, and a lifting operator L : T(M) — Y(L), then Y is a

stochastic horizontal transport
Y =X (5.15)

if oY = X and for all smooth one-forms 3 on £ the following Stratonovich stochastic

integrals are equal:

/<ﬁ, 5Y) = /<L¢ﬁ,5x> : (5.16)
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Comment. In the case of smooth, deterministic processes X and Y, equation (5.16) is
according to Remark 2.2.31 the defining property of the pull-back form L*3. Here, it
becomes the key to characterize a horizontal transport X for any semimartingale X that

will in general not allow a construction as in Definition 2.2.27.

5.3.6. Remark. The expression of stochastic horizontal transport in a coordinate patch
Uj is slightly more delicate than just replacing the integral of «; appearing in equation
(2.8) by a stochastic analogue according to Definition 5.2.19, because some paths of the
semimartingale X might leave U; before any given time ¢ > 0.

Therefore, we define 7 := 70\ y; to be the exit time of X from the set U; containing

the starting point Xg = z. An argument as in Lemma C.1 of Appendix C then yields
ot
Hy 19 (Xo) = 1 (Xo) Hx 155 (Xo) = ¢5(Xo) €' Jo e 0%X) sj(Xe), (5.17)
the stochastic analogue of equation (2.8), valid for (¢,w) in the stochastic interval [0, 7].

5.3.7. Definition. A process B with values in a manifold M is called Brownian motion

with diffusion constant D > 0 if for every smooth function ¢ € C*°(M), the difference
t
M;:=¢oBy—¢o Bo/ DA¢ o Bgds (5.18)
0

is a real-valued continuous local martingale M.

Remark. If M = R?, then this characterization gives indeed the usual Brownian motion

with starting point By on d-dimensional Euclidean space, see [RY94, Proposition VII.1.11].

5.3.8. Theorem. For any given d-dimensional Riemannian manifold M and any = € M,
there is a Brownian motion B with diffusion constant D > 0 and a possible explosion time,

starting at By = .

Proof. We construct this process from a Brownian motion W = (W(l), w® W(d)) in
R? that has the same diffusion constant D and is adapted to a standard filtration {Fi}ter-

To keep track of D and the starting point x, the image measure controlling the realizations



o6

of B will from now on be denoted as PD. Let {(Uj, ¢;)} be an atlas containing locally finite
charts. We choose in each patch TU; C T M a section of the orthonormal frame bundle,
which means a set of vector fields { E }¢_, with g(Ey, E;) = 0y whenever k,l € {1,2,...d}.

Each chart ¢ : U — V C R? pushes forward the vector fields E;. We define
Ay = ¢,E) and view them as vector fields Ay € C®(V,R%). After extending them to
smooth, compactly supported vector fields Cgo(Rd, Rd), we solve the Stratonovich stochas-

tic differential equation
OX =" Ap(X)sW) (5.19)

with initial condition Xy = ¢(z1) on the set t < 7ye, where 7ye is the time when X exits
from U. The solution can be pulled back to By := ¢~ (X;).

Now we have solutions for x € U; up to exit time U The global solution must
be welded together from all the patches. In this inductive procedure the solution B is
constructed together with a sequence of stopping times {7, },en indicating whenever B
exits from a domain of a chart.

Starting at x1 in some Uj,, we have with 71 the exit time from Uj,. After exiting
we start the Brownian motion W anew, which means, we replace {W;};>o by the shifted
process {Wytr, — W, }+>0 and define the continuation of B; to be given by the solution of
the initial value problem (5.19) for the choice U = Uj, containing x3 = B,. This procedure
is repeated and defines a solution B up to the time 7 := lim,,_.so 7, Wwhich is the explosion

time of the process. O

5.3.9. Definition. A Riemannian manifold M is called Brownian complete if for a fixed
diffusion constant D > 0, a Brownian motion B starting at any x € M has an infinite

explosion time.

5.4 Heat Kernels and Variations of the Feynman-Kac Formula

5.4.1. Definition. Given a second-order differential operator N on a complex line bundle

L with a Hermitian structure A and a measure m on the base manifold M, we define a
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heat kernel for Z as a one-parameter family of Schwartz kernels {Si(z,y) : £, — L, } with

t > 0 and x,y € M satisfying the following properties:
e The kernel S;(x,y) is jointly continuous in z, y, and t.
e The adjoint of S;(z,y) is given by Si(y, x).

e For every v with base point y = m(v), the integrability condition S;(-,y)v € Lk (hu) N
LZ(hp) is satisfied. Moreover, Si(-,y) is at least twice continuously differentiable

and satisfies the heat equation

O i) = NSi(-y) (520

e Near t = 0, the kernel approximates the identity

b() =lm [ 8y, 2)(x)dm(z) (5.21)
—PIM

for all continuous, LP-integrable sections ¥, p > 1.

5.4.2. Definition. By convolution with the heat kernel, we define a strongly continuous

semigroup of operators {S;}+>0 acting on sections ¢ € LP(hm) by

<ww:ﬂpmmmmw. (5.22)

In particular, for the case p = 2 this is a strongly continuous semigroup of bounded,
self-adjoint operators. According to a standard argument [Rud91, Theorem 13.38], the

semigroup {S;} then has a self-adjoint generator which is an extension of N.

5.4.3. Fact. On complete Riemannian manifolds, the Laplacians A and AZ possess unique
heat kernels {p;} and {pF}, respectively.

One fundamental ingredient in the uniqueness is the essential self-adjointness shown
in Theorem 4.2.5: In each case, there is only one way to have a generator of a strongly-

continuous, self-adjoint semigroup that coincides with the Laplacian on compactly sup-



o8

ported, smooth functions/sections. Thus, the associated semigroups {P;} and {PF} are
unique.

The transition from the semigroups to their kernels is also without ambiguity because
we require that {p;} and {p’} be jointly continuous. In fact, the process of constructing
the kernels according to Appendix B shows that they are even smooth.

If M is complete with Ricci curvature bounded below, then M is also Brownian
complete [Eme89, Remark 5.38] and the heat kernel of A preserves probabilities [Dav85] in
the sense that for all ¢ > 0, [ wm Pe(x,y)dm(y) = 1. This is an indication of the connection
between the heat kernel of the Laplacian and stochastic processes that we will pursue in

the remaining part of this chapter.

5.4.4. Definition. Let M be a Brownian-complete Riemannian manifold and {P2},c
a family of Brownian-motion measures with a fixed diffusion constant D > 0. A real-valued

function g : M — R belongs to the Kato class C(PP) if the following condition is satisfied:

t
Jim sup / EL{|q| (Bs)]ds = 0 . (5.23)
N0 zem Jo

Whenever this property holds only locally, which means xxq € K(PP) for all compact sets
A in M, we write ¢ € Koo (PP).
If a real-valued function g satisfies ¢* € Kioe(PP) and ¢~ € K(PP) then it is called

Kato decomposable, symbolized as ¢ € K4 (PP).

Remark. If a function has the global or local Kato property for one choice of D > 0, then
this holds for any D > 0. The reason to include D in the definition is merely for the

consistency of notation.

5.4.5. Fact. If the Ricci curvature of a Riemannian manifold is bounded from below, then
the local Kato property implies local integrability with respect to the volume measure,
Kioe(PP) C L} (m). This fact may be derived using a strictly positive, lower bound ¢ > 0

for the kernel of the semigroup p,(z,y) > ¢, uniform in x,y € A and € < r < t for some

arbitrary € > 0 and any compact set A C M [Dav89, Stu92]. Thus, if ¢ : M — R satisfies



99

xaq € K(PP), then the local integrability follows from the lower bound of the kernel and

the finiteness of sup,c fg ED||q| (Br)X{BTeA}]df

The following lemma goes back to Khasminskii [Kha59]. Our discussion of the Kato
class follows some ideas of the nice exposition in [Szn98]. The sole purpose of the following
passage is to show that functions from the Kato class can be viewed as infinitesimally

form-bounded perturbations of the Dirichlet and Bochner Laplacians.

5.4.6. Lemma. Suppose 0 < g € K(PP), and ¢ > 0 is chosen such that

t
# = sup EP [/ q(Br)dr] <1, (5.24)
zeM 0
then
¢ 1
sup EP [efo Q(BT)dT] < . (5.25)
reEM -k

Proof. Given t > 0 satisfying condition (5.24), we select x € M and use the strong Markov

property to write

ED [e JCI(Bﬁdr} - i %Ef [(/th(Br)drﬂ (5.26)

=0
=1+ ED [q(By,) - a(By,)]drydra - dry (5.27)
=1 rocr <r<o <<t}
s t—ri—1
=1+ / ED [q(BTl) . -(](|374171)H:Eg”_1 [/ q(Br)dr”drl drg---dryi_q.
=1 {0<ri<ra<--<ry_1 <t} 0

(5.28)
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Now we may estimate the inner expectation with condition (5.24) and repeat this procedure

inductively, yielding

t
ExD [efo Q(Br)dr] <1+ HZ / Ef [Q(Bn) . ‘.q(B""l—l):|dr1 drg - -drj_;
121 {0<ri<ro<--<ri_;<t}
- 1
l_
<;K—1_H. (5.29)

O

5.4.7. Consequence. The above lemma implies that for ¢ € K(P?), the mapping Q;

given by
Qui(a) i= B2 [elo 9B 45| (5.30)

has a bound [ Q| oo = SUPze M |jp) =1 Qe (2)] < e“t/(1—k) on L>(m) with exponential

growth in .

Proof. Without loss of generality, we consider ¢ > 0 and ¢(x) = 1 for all z € M. To begin
with, we choose tg such that £ = sup,c(Ex [fgo q(BT)dr} < 1. Given any t > 0, we can
split [0,¢] into k+ 1 subintervals of length at most ¢¢ such that 0 < t—kty < to. Inductively

using the preceding lemma gives

t k1)t

5D [y a(B)r] < o [efé ’°q<Br>dr} (5.31)
kto to
B,)d B, )d
<EP [e o 4(Br) TEZB)MO [efo qa(Br) T]] (5.32)
- ]ED |:e Ok:tO q(BT)d"":| (5 33)
11—k 7 ’

1\ k1
< . .34
<(i=) (53

Therefore, if we define C' := —hl(llf—o_”) then for any ¢ > 0
t
pl JoaBdr] - 1

EL [e 0 ] < e, (5.35)
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since k < . This shows the claimed bound of Q; on L*(m). O

0"

5.4.8. Lemma. Given a non-negative function ¢ € IC(P”), then for any c¢; > 0 there is a

co > 0 such that

/M ¢162 dim < e.DE(6, ) + call ] (5.36)

whenever ¢ € Q(€). In other words, functions from the Kato class act as infinitesimally

form-bounded perturbations of —DA.

Proof. The proof is split into two steps.
Step 1. For q € K(PP), the expression (5.30) defines a strongly continuous semigroup
{Q:}+>0 of bounded, self-adjoint operators Q; on L?(m).

The preceding lemma together with the Jensen and Cauchy Schwarz inequalities

establish the boundedness,

J.

< [ BRIl 1R o8 Plam(a) < e ol (539)
M

£2[e) 1B3)5 81| dm(a (5.37)

Because of the Markovian semigroup property, it is enough to show strong continuity at

t = 0. To this end, we consider

. ¢ Bs)ds ?

fim [ B2 (elo 1B —1)0(B)) am(x) (5.39)

<tim [ EP((eo 1BV _ 1)2ED(14(B,) () (5.40)
N0 S g

< tiny sup EZ [ 1] [ B2 [0(8,) (o). (5.41)

The last step involves Holder’s inequality and the elementary estimate (e¢ — 1)% < e?l¢l — 1
for any real number ¢ € R. Using the definition of the Kato class in this estimate shows
that the limit of the L%norm in (5.39) vanishes.

Moreover, by the time reversal invariance of Brownian motion each (), is seen to be

self-adjoint, and according to the Hille-Yosida theorem, there is a semibounded, self-adjoint
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generator of the semigroup. Given any c¢; > 0, we choose a suitable constant co such that
replacing ¢ by ¢ := q/c1 — c2/c1 in the above procedure yields a contraction semigroup.

Step 2. If we approximate ¢ € IC(P”) with a sequence of semibounded functions g :=
min{q,(}, then for any ¢ € Q(€) the generator of the contraction semigroup @t associated

with the function ¢; gives rise to a quadratic form

lim * (¢, 0rp — &) = —DE(, ) — i—juqsué + <¢,min{§l + Z—j}czﬁ) <0 (5.42)

t\O ¢

because —DA is essentially self-adjoint and the multiplication by §; is a bounded operator.
The contractivity of the semigroup furnishes the last inequality, which in turn yields the

form-boundedness condition (5.36) by monotone convergence in the limit | — oo . O

5.4.9. Proposition. Let £ be a Hermitian line bundle with a connection and a length-
preserving horizontal transport H. Suppose the base manifold M is Riemannian and
Brownian complete, equipped with a family of Brownian motion measures {IP’? }zem having
a common diffusion constant D > 0. Then q € K(PP) is also a form-bounded perturbation

of the negative Bochner Laplacian —A~.

Proof. To make contact with the preceding lemma, we fix ¢ € L?(hm) and define a function

¢ € L*(m) with values ¢(z) := \/h(1(x), ().

We may now verify the L?-boundedness of the operators QF given by

Qf vla) = B [eo 1B 11y B,) (5.43)

with an estimate using that horizontal transport preserves the Hermitian metric and the

same strategy as in the preceding lemma,

Vhe(@vta). @ vt < B2 [eh 1Bt buo, Hojuen)| an
— EP Lt thiw(Bt),w(Bm} (5.45)
=EPD -ef(; Q(Br)d%(st)] = e g (z). (5.46)
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A similar estimate gives

(0, QFY — ) < (6, Qs — ¢) (5.47)

and thus together with the preceding lemma the desired form-boundedness. O

Consequence. Therefore, any ¢ € K(PP) may be used to define a form-bounded perturba-
tion of —DA or —DAF in order to define a self-adjoint Schrodinger operator.
One may also use &p ,+ or 6§7q+ as the unperturbed forms and thus extend this

construction to define a Schrédinger operator Gp 4 with ¢ € Ku (PP).

5.4.10. Fact (Feynman-Kac formula). Let £ be a Hermitian line bundle with a con-
nection and a length-preserving horizontal transport H. Suppose the base manifold M is
Riemannian and Brownian complete. Denote by m the natural volume measure on M and
by PP a family of Brownian-motion measures having a common diffusion constant D > 0.
—tSf ,

If ¢ € K+ (PP), then the image of a section ¢ € L?(hm) under the semigroup e

generated by the self-adjoint Schrédinger operator S ,%7 ; has the probabilistic representation

6453%@) —ED [6— Iy q(Br)dng’%w(Bt) ' (5.48)

The inverse of the stochastic horizontal transport appearing in this equation can either
be understood by appealing to the local expression (5.17), or one interprets (5.48) as a

shorthand for
ho(s(2), e~ Sbaip(@)) = BP [~ o 1B g, (g ys; (), (B1))] (5.49)

with a local reference section 5j.

Proof. The proof of this fact is given in Appendix C. O

5.4.11. Consequence. Let £ be a holomorphic Hermitian line bundle, assume its base

manifold M is Kéahler, and let g denote the real part of the Kéhler metric. Let {Zk}i/j )

denote a local holomorphic orthonormal frame of TM) M. If the curvature term p =
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/2

el RZ_ z; determined by the connection of the line bundle £ is Kato decomposable,

then —A% and —A(%*) have the same domain and are essentially self-adjoint on C%(M).
If f is also Kato decomposable, then the Feynman-Kac formula (5.48) with ¢ = Dp + f
gives an expression for the Schwartz kernel of the semigroup generated by Sé%j).

5.4.12. Remark. With the help of the distance function on M, the space Cr(([0,t]) of
continuous paths in M parametrized by an interval [0,¢] can be turned into a complete,
separable metric space. In this setting, one may construct a regular conditional probability

measure of P2 given By [KS91, Theorem 5.3.19].

5.4.13. Definition. We call the family {IP’;ED,J }yem a regular conditional probability dis-

tribution of P2 on F; given B if it satisfies the following conditions [Par67, pp. 146-150]:
e For each y € M, }P’Q@t is a probability measure on the sets in F;.
e For each F € F;, the mapping y — IP’Q;; (F') is measurable.

e For cach F € 7, PP(F) = [,, P2 (F)dw(y), where w is the image measure induced

by B on M, meaning w(A) = PP ({B; € A}) for all measurable subsets A C M.

Often, IP’QJ is called the Brownian bridge measure, or the probability measure of the

Brownian motion which starts at = and is conditioned to arrive at B; = y.

5.4.14. Consequence. With the assumptions of Consequence 5.4.11, the Feynman-Kac
formula (5.48) can be modified to give an expression for the integral kernel of the Schro-

dinger semigroup
—t50") o B
¢ 72D.f (2,y) = pp(x, y)ED} [e Jo(Dp(B;) + f(Br))drHB;] (5.50)

generated by Sé%'}. Hereby, we use the heat kernel {pp+}¢~0 of DA and the expectation
with respect to the Brownian bridge measure }P’g’yt given above, and the inverse of the

stochastic horizontal transport is understood as a linear mapping from L, to L.
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5.4.15. Definition. In the following results, we always consider a fixed symbol f €
K+ (PP). To simplify notation, we choose a reference diffusion constant Dy > 0 and

abbreviate for ¢ > 0,v € L the section

D)
New :=e€  2Docf (- m(v))v (5.51)

obtained by keeping one end of the Schwartz kernel fixed.

5.4.16. Lemma. For any v € £ and ¢ > 0, the section 7., is contained in L?(hm).

Proof. Due to the linearity in v, it is enough to consider a vector of length ||v|| = 1. The

L?-norm of Ne,w can then be estimated by repeatedly using the Cauchy Schwarz and Holder

inequalities:
[1Mewlly < sup | (1ew, ) (5.52)
veLy Jol=1
eL? (hm), ],=1
(0,0)
< sup h,,(v)(e_SwOvaz/J(w(v)),v)‘ (5.53)
veEL,||v]|=1
eL? (hm), ]l,=1
1
< sup  |ED [e_fo (D0p+cf)(Bt)dtHEjil/J(Bl)}H (5.54)
ol =1,0€M ’
1 1/2
< s (0|2l (Poreh)B 50 [y e 7] (5.55)
ol =1.0€M
_al 1/2
< ([[e5Bo2pamsaer | Y pi(, )l < oo (5.56)

The finiteness results from the Kato decomposability of p and f and from the boundedness
of the heat kernel p;. O
5.4.17. Lemma. For a fixed v € £, the mapping ¢ — 7., is strongly continuous.

Proof. For simplicity, we again assume v to be normalized and consider two non-negative

coupling constants ¢ and ¢. If 1y € L?(hm) also has the L2norm [|¢[|, = 1, then we may
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estimate

1
’(nc,v - nc’,’ua ’(Z})’ - Eﬁov) |:(€_ fO (DOP + Cf)(Bt)dt

o fol(Dop + c’f)(Bt)dt>hBl (HB,IU’ Qﬁ(Bl))} ‘

< (B2 [Ihe, (v, (B2 7 (22, [ (= Jo (Dor e (B

(v)
_gJaDw+aﬁ@»ﬁyD”2 (5.57)

< Oﬁﬁ&ﬂhsx¢«81xu«sln])”Z(ng [(e_jg(DOP4—CfKBOdt

(v)
_ngDw+aﬁ$»ﬁfD”? (5.58)

Taking the supremum over v, [|1[|, = 1 on both sides together with the L2-contraction

roperty of the unperturbed heat semigroup generated by DyA¥% vields
property p group g y y

HT/C,U — N w ‘2 = sup ’("70,1; — Ne' vy @0)’

beL2(hm),[¢ll,~1
< (Ef&) [(e— Jo (Dop +cf)(B)dt _ ,— [ (Dop+ C’f)(Bt)dt) 2} ) 2 (5.59)
<2(EZ, [¢? Jy (Pop™ + Cof*)(Bt)dtDI/z . (5.60)

The purpose of the last estimate is to show that with the help of some large ¢y, dominated

convergence applies to (5.59) in the limit ¢ — c. O

5.4.18. Theorem. Let £ be a holomorphic line bundle with a Hermitian metric h, sup-
pose its base manifold M is equipped with a Kéhler metric, denote its real part by ¢g and
the natural volume measure by m. Let M be Riemannian complete with Ricci curvature
bounded below, to ensure Brownian completeness. Let the real-valued function f : M — R
be Kato decomposable with respect to the Brownian motion measure PP on M, where the
diffusion constant D > 0 is arbitrary. In addition, suppose the curvature term p defined in
Proposition 4.2.9 is also Kato decomposable. To include the case when T is not densely

defined, we denote by K the orthogonal projector onto the closure of the form domain

Q(Ty) in L3, (hm).
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Then the integral kernel of the Berezin-Toeplitz semigroup etk son L2 (hm) is

for ¢t > 0 given by the pointwise limit

4 a(0)
(e_tTfo)(x,y) = lim e t5ps (x,y), (5.61)

D—oo

)

where Sg)”; is the semibounded Schrédinger operator defined by equation (4.39).

Proof. The proof borrows the strategy of [BLW99a] which is accommodated here to the
manifold situation and the case of unbounded f. The key to the present generalization is
the use of monotone form convergence.
We have to show that for u,v € £ with base points x,y € M the equation
(0,0)

lim hy(u,e (x,y)v) = (eq, e_tTfev) (5.62)

D—o0

holds, which by Consequence 3.2.8 characterizes the continuous integral kernel of e~*'f on
L2 (hm) C L*(hm).
To see (5.62), we use the semigroup property and express the integral kernel in a
scalar product
(0,0)

hx(u’e (:an)v) = (nDo/D,uveXp<_tsg]7_.%D07(D—2Do)f/D)nDo/D,v) (563)

which converges in the limit D — oo to

. —502) _

Jimho(u,e” DS (,y)v) = (o e T K o) (5.64)

This can be deduced from the strong continuity of 7, in ¢ for any w € £ and the strong
convergence stated in Proposition 4.3.7 together with the uniform boundedness (according

. 0,0 .

to the Banach-Steinhaus theorem) of the operators exp(—tSE}QDO’(DQDO)f/D) inD > 2Dy.
To finish the proof, we observe that the right-hand side of (5.64) is an integral kernel

for exp(—tT¢)Ky on L7 ,(hm) that is, in addition, continuous in = and y and therefore

coincides with the right-hand side of (5.62). The continuity of (5.64) is guaranteed by the
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continuity of the heat kernel derived in Appendix B, and with Ky exp(—Sg);g) = Ky it

can be checked that it indeed constitutes an integral kernel. O

5.4.19. Consequence (Daubechies-Klauder formula). In conjunction with the prob-
abilistic representation given in Consequence 5.4.14, the integral kernel of the Berezin-

Toeplitz semigroup {e~1},>¢ is for ¢ > 0 given by the formula
t
™M (2,y) = lim pp (v, y)EYy [e_ Jo(Drp(Br) + J@B))dr gl (5.65)

In particular, we obtain the reproducing kernel of L% ,i(hm) as a special case of this formula

when f = 0.

5.4.20. Remarks. The probabilistic representation of Berezin-Toeplitz semigroups ac-
cording to formula (5.65) has also been called a Wiener-regularized path integral, because
it gives meaning to similar, non-rigorous versions of such path integrals.

With the particular choices of line bundles as in Examples 2.2.21, Numbers la, 1b
and 3, the formula (5.65) yields an analogue of the situations considered by Daubechies,
Klauder, and Paul [DK85, DKP87]. In each case, the complex dimension of the manifold
M is set to n = 1, the Riemannian metric g governing the Brownian motion is the real
part of the Hermitian metric on 7'M, and the Kahler form of the Hermitian metric and the
curvature of the line bundle are in the prequantum relation (3.22). For an explicit result
that does not satisfy this relation, see the treatment of the setting in Examples 2.2.21,
Number 3 by [BLW99a] or [BLW99b]. This result differs from that of Daubechies and
Klauder [DK85] by a conformal rescaling of the Kéhler metric on the base manifold as
described in Remarks 3.3.11.

It is worth pointing out that with a suitable analyticity argument, one could obtain
from formula (5.61) the probabilistic expression for the Schwartz kernel of the unitary group
e~Ts  which was a primary motivation for [DK82, KD82, KD84, DK85, DK86, DKP87].
The case of bounded f may be treated according to [BLW99a]. The techniques in [Wit00]
appear suitable for a generalization to f € IC(IP’D ), but the Kato decomposable case seems

to require an additional effort.



CHAPTER 6
A RELATION BETWEEN RESOLVENTS OF BEREZIN-TOEPLITZ
OPERATORS BY AN INVARIANCE PROPERTY OF BROWNIAN MOTION

The idea for the following result is derived from a transformation formula relating
resolvents of certain Schrédinger operators [DK79, Bla82, CS90]. Recently, Wittich [Wit00]
proved this formula and a generalization in the setting of Riemannian manifolds with the
help of an invariance property of Brownian motion under harmonic morphisms.

The same strategy applied to the probabilistic representation of the preceding chapter
gives a relationship between resolvents of different Berezin-Toeplitz operators whenever the
base manifolds of two holomorphic line bundles have Kéahler structures that are conformally
equivalent. Unfortunately, the rigidity of harmonic morphisms does not allow a nontrivial

result when the base manifolds have a higher dimension [Fug78].

6.1 Conformal Metrics on Riemann Surfaces

6.1.1. Definition. A Riemann surface is a complex manifold M of dimension one, sym-
bolically dimg¢ M = 1. Any metric g on M that is compatible with the almost complex

structure J is called conformal.

Remark. In a local coordinate system z : U — C, the compatibility requirement implies

that g has the form

7 (2)

g= (dz ® dz + dz @ dz) (6.1)

with a conformal scaling function v : C — {r > 0}. The associated Dirichlet-Laplacian A

is locally expressed as

4 9
© 92(2) 0207

69
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where the abbreviations 9/0z := 1(8/9z1 — i0/9z3) and 9/0% := 1(0/9z1 + i0/9z3) have
been used. By inspection of (6.2), any linear combination of a holomorphic or antiholo-
morphic function is harmonic and vice versa.

As an aside, we remark that any smooth metric g on an oriented surface allows a

complex analytic atlas for which ¢ is conformal [Jos97, Theorem 3.11.1].

6.1.2. Definition. Let M and M’ be Riemann surfaces with conformal metrics g and ¢,
respectively. A mapping ® : M’ — M is called conformal if it is a local diffeomorphism and
Jo() (P X', @, X') = N (2)g/(X', X') holds for all X' € TyM', 2’ € M’ with a strictly

positive dilatation function A : M" — {r > 0}.

Comment. In the light of this definition, the coordinate charts of a Riemann surface are

conformal mappings into the complex plane that is equipped with the standard metric.

6.1.3. Proposition. Given two Riemann surfaces M and M’ with conformal metrics g
and ¢’ and a holomorphic map ® from M’ onto M, then ® is conformal on the set where
®, is non-zero. In addition, ® is a harmonic morphism. This means, a local harmonic
function f : U — C defined on a chart domain U C M pulls back to a harmonic function

on ®~1(U).

Proof. To prove this local property, it is enough to consider the special case when both
domains U and ®~!(U) are subsets of the complex number plane. The conformality of ®
results from that of the metrics and because @ satisfies the Cauchy-Riemann differential

equations. By the chain rule

0 0 0 0 0% 00

——fod — D(2) ——— .

92077 ° (az oz ) (®)5; 52 (63)
and the local form (6.2) of the Dirichlet Laplacians associated with g and ¢/, ® is a harmonic

morphism. O

6.1.4. Definition. Let M and M’ be Riemann surfaces and suppose M is the base
manifold of a holomorphic line bundle £. Given a holomorphic map ® from M’ onto M,
then the pull-back operation creates a bundle £’ with fibers £ := 77 1(®(x)) over M’

The sections 1) : M — L transfer to £ by ®*¢ : 2’ — (P(a')).
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The Hermitian structure h on £ pulls back to the fibers of £ by ®*h, := he (), and
the connection by (®*V)x®*¢ := &*(Vge+x1), which makes the curvature form of ®*V

the pull-back of the curvature on L.

6.2 An Invariance Property of Brownian Motion under Conformal Mappings
of Riemann Surfaces

6.2.1. Definition. Let B be a Brownian motion on a Riemann surface M. An additive

functional of Brownian motion is a stochastic process A given in the form

Ay, = /00 q(Bs)ds (6.4)

with a non-negative function ¢ : M — RT.
If A is everywhere finite, increasing without jumps, and if lim, o, A, = oo with
probability one, then we define a stochastic time change by the inverse 7 : T x Q — T of

A, in other words, A, ;) =t for all ¢ > 0.

6.2.2. Fact. Let M and M’ be two Riemann surfaces with conformal metrics g and ¢'.
Suppose B’ is a Brownian motion on M’ with an infinite explosion time. If ® : M’ — M
is a surjective holomorphic mapping having the dilatation function A : M’ — R™, and if
the additive functional A, := [7 A?(B})ds satisfies the finitenes and limit conditions in the
preceding definition of the stochastic time change 7, then {B; := ®(B/ (t))}tZO defines a
Brownian motion B on M that also has an infinite explosion time.

Proof. Essential to the proof is that since ® is holomorphic, its singular points are isolated
and thus by an argument of Fuglede [Fug78] polar. Therefore, A(B’) is an a.s. strictly pos-
itive, continuous process and A is increasing. By assumption, the other conditions needed
to define the time change are satisfied, so {®(B/. (t))}tZO is some stochastic process with
values in M. Its Brownian motion character follows from ® being a harmonic morphism,
in essence because it relates the generators of Brownian motion by a conformal scaling

operation [CO83, Theorem 1] as in the localized version (6.3). O
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6.3 A Formula Relating Resolvents of Berezin-Toeplitz Operators

6.3.1. Definition. Let £ be a holomorphic line bundle with a smooth, non-degenerate
Hermitian metric  and the unique compatible connection V. Denote by L? ,(hm) the
Hilbert space of holomorphic sections in £ that are square-integrable with respect to a
measure m obtained from a Riemannian metric g on the base manifold.

The resolvent of a self-adjoint, semibounded Berezin-Toeplitz operator T’ with sym-
bol f: M — R is denoted as GJELZ = (Ty — z)~! for any z € C outside of the spectrum
of Ty. For such z in the resolvent set, G]‘E_ , is by definition a bounded operator and via
its integral kernel it extends according to Consequence 3.2.8 to all of L?(hm). In ad-
dition, we define foz to be zero outside the closure of Q(7f) in L?_(hm) if T} is not
densely defined as mentioned in Remarks 4.3.6. In short, this extension is characterized

by Gﬁ_z = GL_ZKf.

6.3.2. Lemma. Let M and M’ be two Riemann surfaces equipped with conformal metrics
g and ¢', respectively, and suppose M is the base manifold of a complex line bundle with
a connection V. In addition, let ® : M’ — M be a local diffeomorphism that puts the
Riemannian metrics g and ¢’ in a conformal relationship ¢/ = A?®*¢ with a dilatation
function A : M’ — R*. Given in terms of local frames of normal vectors Z and Z’
spanning TOY M and TODAM’, the curvature terms p = RZZ and p/ = R7/’Z, satisfy
§(2') = X2 (a)p(@(")).

Proof. The conformal relationship between g and ¢’ implies that the local frames given by

Z and Z' can be chosen to satisfy ®u|»Z" = A(2')Z]p(yry. Now, the claimed relationship

P) = (2 R)y yla (6.5)
=Ry 7 5. prlo() (6.6)
= )\2($/)R7,z|¢(x') = X (2)p(®(a")) (6.7)

follows from the definition of the pull back of R. O



73

6.3.3. Fact. If for some D > 0, Rez < Sg’;), then by the spectral representation

co (0».)
(Sg,;)z)—w:/ e D Ty (6.8)
’ 0

(0,e)

Since the monotone convergence of the quadratic forms associated with S, ; implies strong

resolvent convergence [Sim78], in the limit D — oo we obtain

[e’¢) 0,e
G5 b= lim tSHY + 2

Jim | bt (6.9)

6.3.4. Proposition. The integral representation for the resolvent G4 _ . holds even point-

wise, that is,

oo, a(0e)
—0Q 0

b(x)dt. (6.10)

Proof. To see this, we apply the point-evaluation functional ¥, = hy(u, ) to the integrand,

use the self-adjointness and semigroup property to obtain

0,0 0,0
—tS\5) ~455%

ol e P51 y(a)) = (e ~i(1 - 5)Sp ]

(), e ) (6.11)

and integrate over t € [0, o], which yields a pointwise expression for the image of ¢ under

the resolvent of Sg)’;):

0) (1~ 5)S5%) bz

e (557~ 2) M) = [P (e vt (612)

_ 1 (0,0)
The uniform boundedness of e (1 D>SD’f

_L (0’.) °
function e D™D (-, z)u to A

in D and the strong convergence of the

(-, z)u imply that the limit D — oo gives

(0,0)

ha(u, G5 (@) = ha(e® " (- 0)u, G5_L0). (6.13)

Therefore, since identity (6.9) holds in the weak sense we conclude that it also holds

pointwise. ]
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6.3.5. Theorem. Let M and M’ be two Riemann surfaces equipped with conformal
metrics ¢ and ¢’, and suppose M is the base manifold of a holomorphic line bundle L.
Furthermore, let ® : M’ — M be a holomorphic, surjective mapping with dilatation
function X\. The pull-back bundle £’ := ®*L is thought of as being equipped with the
Hermitian metric A’ := ®*h. Assume that M is both complete and Brownian complete
and let the functions f: M — R and A\?f o ® : M’ — R be Kato decomposable such that
the corresponding Berezin-Toeplitz operators can be defined via semibounded quadratic
forms on L? ,(hm) and L?_,(k'm’), where m’ is the natural volume with respect to g¢'.

If € L? ,(hm) and A\*y o ® € L?(h/m/), then there is a relationship between the

resolvents

(GF-.8) (@) = (G opn N2 0 @) (@) (6.14)

whenever Ty > Rez and Th2f.p > RezT)2. Hereby, the extension convention is implicit,
since A%t o ® is not holomorphic unless A is constant. If additionally 1) o ® € L%wl(h/m’ ),

then this equation reads

(GF_) (@) = (G (rapy Tt 0 @) (). (6.15)

Proof. Since we can always absorb the constant z into the definition of f, we will for

convenience assume z = 0. Using the probabilistic representation, we have
¢
Ghp(@@) = tim [ ER le” fo(DP+f)(Bs)ds1/;(Bt)]dt. (6.16)
By the invariance property of Brownian motion, we can replace B; with ®( BT(S)),

Gp(@() = lim OOO ED [e* Jo(Dpo®+ fo@)(Bry)ds,, @(BT(U)} dt.  (6.17)
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Interchanging the integration with the expectation and substituting gives

GEY(@(a') = lim ED [/Oo ¢~ Jo X(Bo)(Dpo® + fo®)(Bs)doy2g )y g 2(B,)dr| .

D—oo 0
(6.18)
After reversing the order of integration again, the relation between the resolvents
GFp(D(2)) = G5 pog A2 0 D(2) (6.19)
can be verified using Lemma 6.3.2. O

Comment. Unfortunately, one does not gain more generality by moving to higher dimen-
sions, because if dim¢g M’ = dimc M > 2, then ® is necessarily a global rescaling by a
constant. The case dimc M’ > dim¢ M is ruled out by the quantization context because

the pull back of the curvature would be degenerate.



CHAPTER 7
SUMMARY AND OUTLOOK

In this work, we have studied a coordinate-independent quantization prescription in
the spirit of Berezin and its representation by Wiener-regularized path integrals according
to an idea of Daubechies and Klauder. In the present version, these path integrals express
semigroups that are generated by self-adjoint semibounded Berezin-Toeplitz operators T’
on a weighted Bergman space L7 ;(hu).

A first step towards this result concerned conditions that guarantee self-adjointness
and semiboundedness of Berezin-Toeplitz operators. The use of quadratic forms provided
a convenient framework to develop such conditions, which in the course of Chapters 3 to 5
evolved from rather abstract form-boundedness to the more concrete requirement in terms
of the Kato class. The Dirichlet Laplacian is fundamental to the definition of this class,
which therefore possesses a natural geometric characterization.

Besides the Kato class, the holomorphic Laplacian proved central to our implemen-
tation of the concept by Daubechies and Klauder on Kahler manifolds. More specifically,
we considered perturbations of the holomorphic Laplacian in conjunction with a limiting
procedure and the Feynman-Kac formula to construct Wiener-regularized path integrals.

One implication of this construction was that the reproducing kernel of a space of
holomorphic, square-integrable sections in a holomorphic Hermitian line bundle over a
Kaéahler manifold could be expressed in purely geometric terms. To this end, we let the
Kahler metric govern a Brownian motion on the base manifold and used the connection of
the bundle to lift the process horizontally into the fibers. In the ultra-diffusive limit, the
expectation of the reverse horizontal transport with respect to the conditional Brownian
motion gave the desired reproducing kernel. A similar coordinate-independent expression

resulted for the integral kernel of a Berezin-Toeplitz semigroup.
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As an application of the path-integral formulation, we used an invariance property
of Brownian motion in the probabilistic representation of the semigroups in order to relate
the resolvents of certain Berezin-Toeplitz operators.

The fundamental idea behind all those results was the relation between Berezin-
Toeplitz operators and Schrodinger operators, which enabled us to transfer all the relevant
analytic and probabilistic techniques.

As to further developments, one may ask whether Wiener-regularized path integrals
can also be found for continuous representations without underlying complex structures.
A step in this direction this has been pointed out by [AK96] with the use of Dirac op-
erators and spin® structures. Indeed, the completeness argument for the Hilbert space in
Appendix A could be applied to a space of merely harmonic functions, since all that is
required are mean-value and continuity properties. In addition, the context of Dirac op-
erators may provide enough analytic tools to replace techniques that so far relied on the
presence of complex structures.

Finally, it may be worthwhile to study the use of Wiener-regularized path integrals
to extend the correspondence principle from the compact Kéhler case to non-compact
manifolds. Probabilistic representations have often been useful to bridge between different
function spaces. In this case, a suitable procedure of approximating non-compact Kéhler
manifolds by compact ones in the path-integral representation could help enlarging the

validity of the correspondence principle.



APPENDIX A
COMPLETENESS OF THE TRADITIONAL BERGMAN SPACE

In this part of the appendix, we show that the space of holomorphic, square-integrable
functions on the unit ball studied by Bergman [Ber70] forms a Hilbert space.

Let d?"z denote the Lebesgue measure on C". We recall that the open ball B(z,7) :=
{yeC:|ly— | =31, lyx — 7x|* < 72} centered at = € C" with radius 7 > 0 has the

volume f(cn XB(ar) (2) d?"z = 7"r?" /n!, where n! :=1-2--.n denotes the factorial of n.

A.1. Proposition. The inner-product space L? ,(B(0,1)) of holomorphic functions that
are square-integrable with respect to the Lebesgue measure on B(0,1) is complete in the

norm-topology induced by the usual L?-inner product.

Proof. Let (fj)jen be a Cauchy sequence in L? (B(0,1)). First we show uniform conver-
gence on all compact sets C' inside B(0,1). For any such set C, we can find a nonzero
safety radius smaller than the distance from C' to the boundary of B(0,1), 0 < r <
inf{lly —z|| : x € C,y € C",|ly| = 1}. Using the mean value property for holomorphic
functions and Jensen’s inequality in conjunction with the convexity of the square-modulus

. 2 .
function ¢ — |c|” on C, we estimate

! .t
uplfie) ~ Al = swp o /B(%T)(fj(z)—fk(z))d? : (A1)
—! n
< [, VORGP 6
n! . _ 2 2n
S W CRF ST (A3)
|
= 7r:ﬁllfj—fkl\g- (A.4)

The right-hand side can be made arbitrarily small and thus the sequence (f;);en converges
uniformly on C. By a standard argument in complex analysis, we conclude that the

pointwise limit defines a holomorphic function f : f(z) = lim;_.« fj(2) in B(0, 1).
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That the convergence f; — f is also in the sense of the L?-norm follows from the

Cauchy property of the sequence and from the inequality

1f = felly < hjfgg)lf 15 = flly (A.5)

due to pointwise convergence and Fatou’s lemma. O



APPENDIX B
EXISTENCE AND SMOOTHNESS OF HEAT KERNELS

The crucial idea used in the construction of the heat kernel is that the index m € N
of a Sobolev space W™2(R%) controls the regularity properties of the functions it contains.
To simplify the notation, we introduce a customary d-dimensional multi-index j =
(41, J2, - - - jq) with non-negative components ji,jo,...jq € Z* and define its degree by

9] = 20, - For k = (k1 ka, . .., k) € R%, we abbreviate k7 := kJ' k32 ... k).

B.1. Definition. The Sobolev space W™ 2(R%) with m € N consists of square-integrable
functions f : R? — C having Fourier transforms f : k — Jpa e *7 f(z)d?x that render
the Sobolev norm [, |f(k)|>(1 + k*)™d% finite. Equipped with this norm, W™?2(R%) is

complete.

B.2. Lemma. Given a fixed maximal degree 0 <[ < m — d/2, the linear functionals

60— /-cje“f'~"ff(k)ﬂ (B.1)
‘ R (2m)4
with z € R? and |j| < [ are uniformly bounded on W™2(R9). Moreover, in this case

any function f € W™2(R%) has an [-times continuously differentiable representative 2

59{;0)( f). This statement is a rearrangement of [CFKS87, Theorem 12.29].

Proof. The Cauchy-Schwarz inequality

‘/k:je““'””f(k)ddk < (/(1+k:2)m|f(k:)|2ddk:> v </ k:Qj(lJer)_mddk:) v (B.2)

provides the claimed bound, because the last integral converges if m > d/2+1 > d/2 + |j].
Moreover, the case |j| = 0 shows that f is integrable and its inverse Fourier transform

is defined everywhere. By a dominated convergence argument and the integrability of
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k +— kI f(k) in the general case |j| < I, the function z — 69(;0)(f) is seen to be I-times

continuously differentiable. O

B.3. Proposition. Given a complex line bundle £ with a Riemannian base manifold M,
the semigroup generated by the self-adjoint Bochner-Laplacian —A% as defined in (4.6)
has a Schwartz kernel {pF(x,7) : Ly — Ly}1>0:0,yem that is smooth in the parameters ¢,

z and y.

Proof. As a first step, we establish properties of point-evaluation functionals on Sobolev-
type spaces of sections in L.

A section o = ojs; with compact support in the domain of a chart ¢; : U; — V; C R4
can be identified with oo gb;l, and because of its compact support canonically extends by
zero on the remaining part of R%. Due to the smoothness and non-degeneracy of the metric,
its eigenvalues obtain a maximum and a nonzero minimum on the support of o. Therefore,
AF acts locally as a uniformly elliptic operator and allows estimating (o, (1 — A%)o) from
above and below by multiples of the Sobolev-norm of the function o; in WH2(R%). By an
inductive procedure, the same technique gives estimates for (o, (1 — A*)™0) in terms of
norms in W™2(R%). From now on, we refer to the Sobolev-type space of sections 1) having
the finite norm [|¢]| := [|(1 — AL)™/2|| as Wi (M).

In analogy to the Sobolev spaces on R?, the linear functional 9, : ¢ +— hg(u,(z))
evaluating sections at x = m(u) is for sufficiently large m bounded in WZ”2(M) At first,
the bound is only valid on the closed subspace of sections o with support in a sufficiently
small compact set C' containing x. However, the sections in the orthogonal complement
of the subspace vanish on C and thus the bound of 9, passes unchanged to the whole of
WZLQ(M) [Hed86]. By a similar localization argument and the preceding lemma, u — 9,
is seen to be smooth, and so are all the sections v in WZ”(M)

The next step of the proof makes use of these smoothness properties to construct the
heat kernel.

In the spectral representation we see that for fixed m € N and ¢ty > 0, the operators
(1 — ALym/ QetAL are uniformly in ¢ > tq bounded on L?(hp). In consequence, the semi-

group A% is bounded as a mapping from L?(hu) into all Sobolev-type spaces W"2(M),
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and choosing a sufficiently large m proves that the functional 9 +— ﬁu(emﬁw) is bounded
and linear in ¢ € L?(hu). By the Riesz Representation Theorem and due to the linearity
of u — ¥, in the fibers, there is a vector ¢ (-, m(u))u in L2(hu) such that 9, (e"“y) =
(qe(-;m(u))u, ) for all ¢p € L?(hu). By the smoothness of u — (gi(-,7(u))u,9) and a
uniform boundedness argument, the map u +— ¢;(-, 7(u))u is smooth in the strong sense.
In addition, the map ¢ +— ¢/(-,7(u))u is also smooth, because the operator (1 —
ALym/ QetAC is real analytic in ¢ > 0.

In the last step, we define a smooth kernel p;(z,y) by

ha (, pe(m(u), m(v))v) = (qe2 (-, m(w))u, g2 (-, 7(v))v) (B.3)

L
and claim that it is a Schwartz kernel for /2" Using the definition (B.3), the equation

/ ha(t6(), po(, 9o () dp(a) dia(y) = (e TA 2 T /20y (Ba
MxM

L
follows for sections 1,0 € C2z(M). The self-adjointness and boundedness of etA"/2

then completes the proof. O

B.4. Remark. For the LP-boundedness of p:(-, ) that we require in Definition 5.4.1, we

refer to the literature [Dav88, Dav89, Stu92].



APPENDIX C
A VERSION OF THE FEYNMAN-KAC FORMULA FOR PERTURBATIONS
OF THE BOCHNER LAPLACIAN

This appendix is concerned with a proof of formula (5.48). The strategy followed
here is a combination of ideas as presented by Simon [Sim79, Chapter V], Bismut [Bis81,
Chapitre IX], and Wittich [Wit00]. The core portion of the proof is a version of Ito’s
formula for sections in line bundles, which will be derived first. The remaining part is an
approximation argument.

We will use the same notation as in the main text, so £ is a Hermitian line bundle
with a connection V and a metric-preserving horizontal transport H. The base manifold
M is complete with respect to the topology induced by a Riemannian metric. As usual,
the Brownian motion in M with the diffusion constant D > 0 and the starting point z is
denoted by B, and the underlying probability measure by IP’JL? . Moreover, M is assumed to
be Brownian-complete and its Riemannian curvature bounded from below.

The Bochner Laplacian is denoted by A*. An additive perturbation to —DA¥* by
a function ¢ as discussed in Definition 4.3.3 results in the Schrédinger operator Sg’ g At

first, we focus on the unperturbed case.

C.1. Lemma. Given a smooth section % in £, then for ¢ > 0 the equation

Hg y(By) = 1(Bo) +Z/ Hg 'V 5, (B)(E}, 0B), (C.1)

relates the horizontal transport to the connection in a stochastic analogue of formula (2.9).

Proof. By localization [Sch80], it suffices to check this on a stochastic interval [0, 7], where
7 is the exit time of B from the chart domain U; containing the starting point By. The
proof is accomplished using the local formulation of horizontal transport according to

equation (5.17).
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To simplify the notation, we define semimartingales Y and Z on [0, 7] by
.ot
Y, = ;(By) and Z;:= ¢ Jotai:9B) (C.2)

and use the shorthand W®) = (E,Z,cSB), which indeed represents the components of a
Brownian motion W in R? that is restricted to the stochastic interval. In conjunction with

Stratonovich stochastic integrals, an integration by parts rule applies,

t t
ZYy— Yoy :/ Z,0Y, +/ Y, 0Z, (C.3)
0 0
d_ -t d
=3 [ 2B @IW —i 3" [ 2 E)EIWE ()
k=1"0 k=1"0
d .t
= Z/O Z (Ex(ih5) — iaj(Ex)ibs) (B ) oW | (C.5)
k=1
and after reinserting the definitions of X and Y, we obtain the identity
.t 5B d t [T (o OB
e o105 0B)y (By) — 4 (Bo) = Z/ e 0805 9B) (B, (1) — s (B ) (B, )W)
k=1"0
(C.6)

By the localized form of the reverse horizontal transport in accordance with (5.17), this
identity shows that the scalars multiplying s;(Bg) on both sides of equation (C.1) coincide.
Il

C.2. Proposition. With the same notation as in the preceding lemma, a version of the

1t6 formula in fiber bundles is expressed as

t
Hy ' (Br) = ¢ (Bo) +Z/ Hg Vi, ( )dwg’f)+/ Hg DA“y(B,)dr.  (C.7)
0 b
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Proof. As the first step of the proof, we repeat the calculation in the preceding lemma,

with Y replaced by ng) := (Br(v;) — icj(Ex)v;) (By), which yields

M&

t
Z, YWyl = /0 y (El E(¢5)) — (CoviEp)y; — iEy(oj(Ey)) — ic; (CoviEy)

=1

— doi (Ey) (B () — i%(&)%)) (B,)sW. (C.8)

The covariant derivative of the frame vectors enters because those do not get horizontally
transported along B.
Now we convert equations (C.5) and (C.8) to It6 differentials and insert the stochastic

integral expression for ZY"®) into the cross variation emerging in (C.5),

d ¢ d
1
Z,Y; — Yo = § / Z. YR swk 5 » [zy®, wik], (C.9)
k=1

= Z/z YHE gwk) 4 = Z / (E1(Ex (1)) — (Covi Ey);
kl 1
—iEl(aj(Ek)) - iOéj(COVlEk))(B ) - ZCKJ (El )d[W ( )]

re

(C.10)

After contracting the summation indices with the cross variation [W() W(¥)] » = 2D0dyr,
a similar identification as in the preceding lemma and the differential operator expression

for A* according to Proposition 4.2.3 proves formula (C.7). O

C.3. Consequence. If ) € L?(hm) and E2[e] denotes the expectation with respect to
the Brownian motion starting at € M, then the semigroup generated by DA* can be

represented as

e!PA%y(z) = EP [Hg 1v(By)] (C.11)

Proof. First, we assume ¢ € Coz(M) and denote Pﬁtw(a:) = EJ;(Hgéz/J(Bt)]. Since Hgi
preserves the Hermitian metric h, each Pgt is seen to be a bounded operator. Moreover,

by the time reversal invariance of Brownian motion it is self-adjoint. Finally, the family
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{Pﬁt}tzo forms a semigroup due to the Markov property

Pl%,t—i—sw(x) = [H§t+sw(8t+s)] (012)
= B [Hg 1 Eg, [Hg 1(B)]] = P5,(Pf 1) (@) (C.13)

valid for s, > 0. To verify that both sides of (C.11) are identical, we note that the

generators agree on ¢ € Coz(M), because P§’t¢ satisfies the same integral equation as

etDAﬂw7

Pp () = B [Hg 9 (By)] (C.14)
= 2 [0(8y) + / Hy | DA (B,)ds| (C.15)

0
= (x) + /0 Pf [DARp(z)ds . (C.16)

By the definition of ngt, the semigroup can be defined on all 1y € L?(hm). Therefore,
its generator defines a self-adjoint extension of DAL|C02 (M) but this is necessarily DA~

because the latter is essentially self-adjoint on C27(M). O

C.4. Theorem. If the assumptions listed at the beginning of this appendix are satisfied,
Y € L?(hm), and ¢ € K+ (PP), then the semigroup ¢ 5b.q generated by the Schrodinger

operator Sﬁ q has the probabilistic representation
¢ Day(a) = EP [l aBIB L 1(B,)] | (C.17)

valid for m-almost every x € M.

Proof. First, we suppose ¢ is continuous, 1 is a smooth section, and both are bounded.

Then, along the lines of (C.7) and with the integration by parts rule,

e Jo 4B 1 y(By) = 4(Bo) +Z/ e~ Jo 4B g (B, )dW P

+ /O e~ Jo 4B gt (DALY — qup)(B,)dr . (C.18)
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Since ¢ is bounded, the modification of the heat semigroup defined by inserting (C.18) in
the expectation value of (C.11) has as its generator a self-adjoint extension of (DA% —
Q)’CEZ (M)" Again, by essential self-adjointness, this is seen to be the difference —S]%’q =
DAL —q.

In the last step, we approximate the general case ¢ € K4 (P”) by truncation. We

define the net {q,(j) } of bounded functions
T q,il) (z) := min{max{q(z), —k},1} (C.19)
indexed by k,I € N. Truncating ¢ € K+ (P?) in this manner gives
e Tl () = BD [ o0 @I g LB )| (C.20)

valid for m-almost every x by the above argument. Now, by monotone form convergence
we obtain strong convergence on the left when consecutively first | — oo and then k — oo,

whereas on the right dominated convergence applies to both limits, because
ED |efo " B hg, (1(By), 1(By)) | < o0 (C21)

since the negative part ¢~ € KC(PP) and 2 — h,(¢(z), 1 (x)) is m-integrable. O
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